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Preface 


This book was originally called Teach Yourself Mathematical Groups, and pub- 
lished by Hodder Headline plc in 1996. In this new edition, there is some new 
material and some revised explanations where users have suggested these 
would be helpful. 

This book discusses the usual material that is found in a first course on 
groups. The first three chapters are preliminary. Chapter 4 establishes a 
number of results about integers which will be used freely in the remain- 
der of this book. The book gives a number of examples of groups and sub- 
groups, including permutation groups, dihedral groups, and groups of 
residue classes. The book goes on to study cosets and finishes with the First 
Isomorphism Theorem. 

Very little is assumed as background knowledge on the part of the reader. 
Some facility in algebraic manipulation is required, and a working knowl- 
edge of some of the properties of integers, such as knowing how to factorize 
integers into prime factors. 

The book is intended for those who are working on their own, or with 
limited access to other kinds of help, and also to college students who find 
the kind of reasoning in abstract mathematics courses unfamiliar and need 
extra support in this transition to advanced mathematics. The authors have 
therefore included a number of features which are designed to help these 
readers. 

Throughout the book, there are “asides” written in shaded boxes, which 
are designed to help the reader by giving an overview or by clarifying detail. 
For example, sometimes the reader is told where a piece of work will be used 
and if it can be skipped until later in the book, and sometimes a connection 
is made which otherwise might interrupt the flow of the text. 

The book includes very full proofs and complete answers to all the ques- 
tions. Moreover, the proofs are laid out so that at each stage the reader is 
made aware of the purpose of that part of the proof. This approach to proofs 
is in line with one of our aims which is to help students with the transition 
from concrete to abstract mathematical thinking. Much of the student’s pre- 
vious work in mathematics is likely to have been computational in character: 
differentiate this, solve that, integrate the other, with very little deductive 
work being involved. However, pure mathematics is about proving things, 
and care has been taken to give the student as much support as possible in 
learning how to prove things. 

New terminology is written in bold type whenever it appears. 


xi 


xii Preface 


At the end of each chapter, a set of key points contained in the chapter are 
summarized in a section entitled What You Should Know. These sections are 
included to help readers to recognize the significant features for revision 
purposes. 

The authors thank the publishers for their help and support in the produc- 
tion of this book. In particular, they thank Karthick Parthasarathy at Nova 
Techset and his team for the excellent work that they did in creating the print 
version from the manuscript. 


Tony Barnard 
Hugh Neill 
May 2016 
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Proof 


1.1 The Need for Proof 


Proof is the essence of mathematics. It is a subject in which you build secure 
foundations, and from these foundations, by reasoning, deduction, and 
proof, you deduce other facts and results that you then know are true, not 
just for a few special cases, but always. 

For example, suppose you notice that when you multiply three consecutive 
whole numbers such as 1xX2X3=6,2X3x4=24, and 20x 21 x 22 =9240, 
the result is always a multiple of 6. You may make a conjecture that the prod- 
uct of three consecutive whole numbers is always a multiple of 6, and you 
can check it for a large number of cases. However, you cannot assert correctly 
that the product of three consecutive whole numbers is always a multiple of 
6 until you have provided a convincing argument that it is true no matter 
which three consecutive numbers you take. 

For this example, a proof may consist of noting that if you have three con- 
secutive whole numbers, one (at least) must be a multiple of 2 and one must 
be a multiple of 3, so the product is always a multiple of 6. This statement is 
now proved true whatever whole number you start with. 

Arguing from particular cases does not constitute a proof. The only way 
that you can prove a statement by arguing from particular cases is by ensur- 
ing that you have examined every possible case. Clearly, when there are infi- 
nitely many possibilities, this cannot be done by examining each one in turn. 

Similarly, young children will “prove” that the angles of a triangle add 
up to 180° by cutting the corners of a triangle and showing that if they are 
placed together as in Figure 1.1 they make a straight line, or they might mea- 
sure the angles of a triangle and add them up. However, even allowing for 
inaccuracies of measuring, neither of these methods constitutes a proof; by 
their very nature, they cannot show that the angle sum of a triangle is 180° 
for all possible triangles. 

So a proof must demonstrate that a statement is true in all cases. The onus 
is on the prover to demonstrate that the statement is true. The argument that 
“T cannot find any examples for which it doesn’t work, therefore it must be 
true” simply isn’t good enough. 
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FIGURE 1.1 
“Proof” that the angles of a triangle add to 180°. 


Here are two examples of statements and proofs. 


EXAMPLE 1.1.1 
Prove that the sum of two consecutive whole numbers is odd. 


Proof 

Suppose that 1 is the smaller whole number. Then (n + 1) is the larger 
number, and their sum is n + (n + 1) = 2n + 1. Since this is one more than 
a multiple of 2, it is odd. 


The symbol [Mf is there to show that the proof is complete. 
Sometimes, in the absence of such a symbol, it may not be clear 
where a proof finishes and subsequent text takes over. 


EXAMPLE 1.1.2 


Prove that if a and b are even numbers, then a + D is even. 


Proof 

If a is even, then it can be written in the form a=2m where m is a 
whole number. Similarly b=2n where n is a whole number. Then 
a+b=2m + 2n =2(m +n). Since m and n are whole numbers, so is m + 1; 
therefore a + b is an even number. 


Notice in Example 1.1.2 that the statement says nothing about the result 
a+b when a and B are not both even. It simply makes no comment on any 
of the three cases: (1) a is even and b is odd; (2) a is odd and b is even; and 
(3) a and D are both odd. 


In fact, a + b is even in case (3) but the statement of Example 1.1.2 says 
nothing about case (3). 


Proof 3 


The same is true of general statements made in everyday life. Suppose that 
the statement: “If it is raining then I shall wear my raincoat” is true. This 
statement says nothing about what I wear if it is not raining. I might wear my 
raincoat, especially if it is cold or it looks like rain, or I might not. 

This shows an important point about statements and proof. If you are 
proving the truth of a statement such as “If P then Q,” where P and Q are 
statements such as “a and b are even” and “a + b is even,” you cannot deduce 
anything at all about the truth or falsity of Q if the statement P is not true. 


1.2 Proving by Contradiction 


Sometimes it can be difficult to see how to proceed with a direct proof of a 
statement, and an indirect approach may be better. Here is an example. 


EXAMPLE 1.2.1 


Prove that if a is a whole number and a? is even, then a is even. 


Proof 

Suppose that a is an odd number. Then a can be written in the form 
a=2n+1, where n is a whole number. Then a? = (2n + 1)’, that is a? = 4n? 
+4n+1=2(2n? +2n) +1, so a? is 1 more than a multiple of 2, and there- 
fore odd. However, you are given that a? is even, so you have arrived at 
a contradiction. Therefore, the supposition that a is an odd number is 
untenable. Therefore a is even. I 


This is an example of proof by contradiction, sometimes called “reductio 
ad absurdum.” 
Here are two more examples of proof by contradiction. 


EXAMPLE 1.2.2 
Prove that 2 is irrational. 


The statement J2 is irrational means that J2 cannot be written 
in the form a/b where a and b are whole numbers. 


Proof 


Suppose that V2 is rational, that is, V2 =a/b where a and b are posi- 
tive whole numbers with no common factors. Then, by squaring, a? = 2b?. 
Since b is a whole number, Db? is also a whole number, and therefore 2b? 
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is an even number. Therefore, a? is even, and by the result of Example 
1.2.1, ais even, and can therefore be written in the form a = 2c, where c is 
a whole number. The relation a? = 2b? can now be written as (2c)? = 2b? 
which gives 2c? = b?, showing that b? is even. Using the result of Example 
1.2.1 again, it follows that b is even. You have now shown that the 
assumption that 2 =a/b leads to a and b are both even, so they both 
have a factor of 2. But this contradicts the original assumption that a4 and 
b have no common factors, so the original assumption is false. Therefore 
2 is irrational. (sc 


EXAMPLE 1.2.3 


Prove that there is no greatest prime number. 


Proof 


Suppose that there is a greatest prime number p. Consider the number 
m=(1x2x3x4x--- xp) +1. From its construction, m is not divisible by 
2, or by 3, or by 4, or by any whole number up to p, all these numbers 
leaving a remainder of 1 when divided into m. However, every whole 
number has prime factors. It follows that m must be divisible by a prime 
number greater than p, contrary to the hypothesis. I 


1.3 If, and Only If 


Sometimes you will be asked to show that a statement P is true, if, and 
only if, another statement Q is true. For example, prove that the product 
of two whole numbers m and n is even if, and only if, at least one of m and 
n is even. 

The statement “P is true, if, and only if, Q is true” is a shorthand for two 
separate statements: 


if P is true then Q is true (ie., P is true only if Q is true) 
and 
if Qis true then P is true (i.e., P is true if Q is true) 


There are thus two separate things to prove. Here is an example. 


EXAMPLE 1.3.1 


Prove that the product mn of two whole numbers m and n is even if, and 
only if, at least one of m and n is even. 


Proof 


If. Suppose that at least one of m and n is even. Suppose it is m. Then 
m = 2p for a whole number p. Then mn = 2pn = 2(pn), so mn is even. 


Proof 5 


In this book, proofs which involve “if, and only if” will generally 
be laid out in this way with the “if” part first, followed by the “only 
if” part. 

Here is a contradiction proof of the second result, that if mn is 
even, then at least one of m and 1 is even. 


Only if. Suppose that the statement “at least one of m and n is even” is 
false. Then m and n are both odd. The product of two odd numbers is 
odd. (You are asked to prove this statement in Exercise 1, question 1.) 
This is a contradiction, as you are given that mn is even. Hence at least 
one of m and n is even. 


Another way of saying the statement “P is true, if, and only if, Q is true,” is 
to say that the two statements P and Q are equivalent. 


Thus, to prove that statements P and Q are equivalent you have to prove 
that each statement can be proved from the other. 


Another way of describing equivalent statements P and Q is to say that P 
is a necessary and sufficient condition for Q. For example, a necessary and 
sufficient condition for a number N to be divisible by 3 is that the sum of the 
digits of N is divisible by 3. 

The statement “P is a sufficient condition for Q” means 


if P is true then Q is true. 


If P is true, this is enough for Q to be true. 


And the statement “P is a necessary condition for Q” means 


if Q is true then P is true. 


Q cannot be true without P also being true. 


So, once again there are two separate things to prove. Here is an example. 


EXAMPLE 1.3.2 

Prove that a necessary and sufficient condition for a positive integer N 
expressed in denary notation to be divisible by 3 is that the sum of the 
digits of N is divisible by 3. 
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Proof 


Any positive integer N may be written in denary notation in the form 
N=a,10" + a,_,10"1 + --- +.4,10 + ay) where 0 <a; < 10 for all values of i. 

Necessary. If 3 divides N, then 3 divides 4,10" + --- + 4,10 + a. But for all 
values of i, 10‘ leaves remainder 1 on division by 3. So N and a,, + «++ + 
have the same remainder when divided by 3. But as 3 divides N this 
remainder is 0, so a, +-+ +a is divisible by 3, that is, the sum of the 
digits is divisible by 3. 

Sufficient. Suppose now that the sum of the digits is divisible by 3, that 
is, a, + +++ + dy is divisible by 3. Then 3 also divides the sum 


n 9s 
(Ay +++++ 9) +] 9 +++ 9a, +++++ 90, 


n 9s 
=o 1450-5] ent. 69) 40 


=a,(10")+-+-+4,(10)+ a) =N. 


1.4 Definitions 


It is a (Somewhat unhelpful) convention that when mathematical terms are 
defined, the word “if” is used when “if, and only if,” is meant. 

For example, in Chapter 2, there is a definition of equality between two 
sets that says that “two sets A and B are equal if they have the same mem- 
bers.” Although this is a true statement, in order to work with the notion of 
equality of sets, you need the stronger statement that “two sets A and B are 
equal if, and only if, they have the same members.” 


You will be reminded of this convention when the case arises later. 


1.5 Proving That Something Is False 


You will sometimes need to show that a statement is false. For example, such 
a statement might be “Prime numbers are always odd.” To show a statement 
is false, you need only to find one example that contradicts or runs counter 
to the statement. In this case, there is only one example, namely, 2. So the 
statement is false. 

In this case, 2 is called a counterexample. 

You can show that the statement “Odd numbers are always prime” is false 
by producing the counterexample 9, which is odd, and not prime. 


Proof 7 


A particular case that shows a statement to be false is called a 
counterexample. 

Sometimes there will be many counterexamples. For example, to show that 
the statement “if n is an integer, then n?+n +41 is a prime number” is false, 
one counterexample is n = 41. But any nonzero multiple of 41 would also be 
a counterexample. 

Sometimes a statement is not true, but a counterexample is difficult to find. 
For example, the statement “there are no whole numbers m and n such that 
m? —61n?= 1" is false, but the smallest counterexample is m = 1,766,319,049 
and n = 226,153,980. 


1.6 Conclusion 


This chapter has been about proof, and the fact that considering special cases 
never constitutes a proof, unless you consider all the possible special cases. 
However, do not underestimate considering special cases; sometimes they 
can show you the way to a proof of something. But don’t forget that you can 
never be certain that something is true if your trust in it depends only on 
having considered special cases. 


LEE 
What You Should Know 


e The meaning of “proof by contradiction.” 


e That you cannot prove something by looking at special cases, unless 
you can look at all the special cases. 


¢ How to prove results which involve “if, and only if.” 

¢ How to prove that two statements are equivalent. 

¢ The meaning of “a necessary and sufficient condition for.” 
¢ How to use counterexamples. 


EXERCISE 1 


1. Prove that the product of two odd numbers is odd. 


2. Use proof by contradiction to show that it is not possible to find posi- 
tive whole numbers m and. n such that m? — n? = 6. 


3. Prove that a whole number plus its square is always even. 
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4. Figure 1.2 shows four playing cards. Two are face up, and two are 
face down. Each card has either a checkered pattern or a striped pat- 
tern on its reverse side. 


KX 


FIGURE 1.2 
Four playing cards, two face up and two face down. 


Which cards would you need to turn over in order to determine 
whether the statement: “Each card with a striped pattern on its 
reverse side is a diamond,” is true? 


Ol 


. Return to the proof in Example 1.2.2 that V2 is irrational. Where 
does this proof break down if you replace 2 by 4? 

6. Prove that the statement “if x <1 then x? <1” concerning real num- 

bers, is false. 


7. Prove that if Va+b = Ja+ Vb, thena=0orb=0. 


8. Prove that the product pq of two integers p and q is odd if, and only 
if, p and q are both odd. 


9. Prove that a necessary and sufficient condition for a positive integer 


N expressed in denary notation to be divisible by 9 is that 9 divides 
the sum of the digits of N. 


No 


Sets 


2.1 What Is a Set? 
Definition 


A set is a collection of things; the things are called elements or members of 
the set. 


In this book, sets will be denoted by capital letters such as A or B. 

A set is determined by its members. To define a set you can either list its 
members or you can describe it in words, provided you do so unambigu- 
ously. When you define a set, there should never be any uncertainty about 
what its elements are. 

For example, you could say that the set A consists of the numbers 1, 2, 
and 3; or alternatively, that 1, 2, and 3 are the elements of A. Then, it is 
clear that A consists of the three elements 1, 2, and 3, and that 4 is not an 
element of A. 

The symbol € is used to designate “is a member of” or “belongs to”; the 
symbol ¢ means “is not a member of” or “does not belong to.” So le A 
means that 1 is a member of A, and 4 ¢ A means that 4 is not a member of A. 


2.2 Examples of Sets: Notation 


There are some sets that will be used so frequently that it is helpful to have 
some special names for them. 


EXAMPLE 2.2.1 


The set consisting of all the integers (that is, whole numbers) ..., —2, -1, 
0, 1, 2, ... is denoted by Z. 
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Z is for Zahlen, the German for numbers. 


Using the notation introduced in the previous section, you can write 
1 
-5e Zand 3 ¢Z. 


EXAMPLE 2.2.2 


The set consisting of all the natural numbers (positive integers) 1, 2, ... 
is denoted by N. 
You can write-5 ¢ Nand 5e N. 


It is easy to forget whether 0 does or does not belong to N, and 
books sometimes define N differently in this respect. Be warned! 


EXAMPLE 2.2.3 


The real numbers will be called R, and the complex numbers will be 
called C. The notation R* means the positive real numbers. The notations 
R* and C* will be used to mean the nonzero real and complex numbers, 
respectively. 


2.3 Describing a Set 


When you list the members of a set, it is usual to put them into curly brack- 
ets { }, often called braces. For example, the set A consisting of the elements 
2, 3, and 4 can be written A = {2, 3, 4}. The order in which the elements are 
written doesn’t matter. The set {2, 4, 3} is identical to the set {2, 3, 4}, and hence 
A= {2, 3, 4} = {2, 4, 3}. 

If you write A = {2, 2, 3, 4}, it would be the same as saying that A = {2, 3, 4}. 
A set is determined by its distinct members, and any repetition in the list of 
members can be ignored. 

Using braces, you can write Z = {...,-2,-1,0, 1, 2, ...}. 

Another way to describe a set involves specifying properties of its mem- 
bers. For example, A = {n € Z: 2 <n < 4} means that A is the set of integers n 
such that 2 <n < 4. The symbol : means “such that.” To the left of the symbol : 
you are told a typical member of the set; whereas, to the right, you are given 
a condition that the element must satisfy. 

So in A, a typical element is an integer; and the integer must lie between 2 
and 4 inclusive. Therefore A = {2, 3, 4}. 
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EXAMPLE 2.3.1 
The set of rational numbers, Q, (for quotients), is 


o={" sm, neZ, no} 
n 


Q* denotes the positive rational numbers and Q* the nonzero rational 
numbers. 


2.4 Subsets 
Definition 


If all the members of a set A are also members of another set B, then A is 
called a subset of B. In this case you write A cB. 


You can see from the definition of subset that A c A for any set A. 


Notice that the notation A cB suggests the notation for inequalities, 
as<b. This analogy is intentional and helpful. However, you mustn't 
take it too far: for any two numbers you have either a <b or b Sa, but 
the same is not true for sets. For example, for the sets A = {1} and B = {2} 
neither A c Bnor B c A is true. 


Some writers use A c B to mean that A is a proper subset of B, that is A c B 
and A # B. This notation will not be used in this book. 


Definition 


Two sets A and B are called equal if they have the same members. 


Remember the comment at the end of Section 1.4. “Two sets A and B are 
called equal if they have the same members” is an example where “if” 
is used, but “if, and only if” is meant. 


EXAMPLE 2.4.1 


Let A = {letters of the alphabet}, B = {x € A: xisa letter of the word “stable”}, 
C= {x e A: x isa letter of the word “bleats”}, D = {x € A: x is a letter of the 
word “Beatles”}, and E = {x € A: x isa letter of the word “beetles’’}. 

Then B= C =D = {a, b, e, |, s, t}. However, D # E. In fact, E = {b, e, Ls, t} is 
a proper subset of D. 
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2.5 Venn Diagrams 


Figure 2.1 shows a way of picturing sets. 


FIGURE 2.1 
xe A. 


The set A is drawn as a circle (or an oval), and the element x, which is a 
member of A, is drawn as a point inside A. So Figure 2.1 shows x € A. 

In Figure 2.2, every point inside A is also inside B, so this represents the 
statement that A is a subset of B, or A c B. 


FIGURE 2.2 
ACB. 


These diagrams, called Venn diagrams, can be helpful for understand- 
ing, seeing and suggesting relationships, but be warned; they can also 
sometimes be misleading. For example, in Figure 2.2, the question of 
whether or not A = B is left open. The fact that on the diagram there are 
points outside A and inside B does not mean that there are necessarily 
elements in B which are not in A. Take care when using diagrams! 
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2.6 Intersection and Union 


Suppose that A and B are any two sets. 


Definition 


The intersection of A and B, written A 4 B and pronounced “A intersection 
B” is the set 


AQB={x:xeAand xe Bh. 


It is clear from the definition that A NW B=BOA. 


Definition 
The union of A and B, written A U B and pronounced “A union B” is the set 
AUB={x:xe Aor xe Bor both}. 
It is also clear from the definition that AU B=B U A. 


Figures 2.3 and 2.4 illustrate the union and intersection of sets A and B. 


FIGURE 2.3 
The shaded region shows the set A 2 B. 


FIGURE 2.4 
The shaded region shows the set A U B. 
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EXAMPLE 2.6.1 
Suppose that A={2, 3, 4} and B={4, 5, 6}. Then ANB={4} and 
AU B= {2, 3,4, 5, 6}. 

Notice that if A = {2, 3, 4} and B = {5, 6, 7}, then A > B has no members. 
You write this as A > B ={ }, where the right-hand side is an empty pair 
of curly brackets. This set is called the empty set. The special symbol © 
is used, so in this case AN B=. 


Definition 
The set with no members is called the empty set; it is denoted by Y. 


Two sets A and B are said to be disjoint if they have no members in com- 
mon. Thus A and B are disjoint if, and only if, AN B=. 

The question of whether © is a subset of A or B is somewhat awkward. For 
instance, is it true that @ c A? According to the definition of c, “Oc A” 
says that the statement “if x « © then x € A” is true. But as there aren't any 
elements in © it is not possible to find an x to show that the statement “if 
xe€ @ then xe A” is false. So, conventionally, O is regarded as a subset of 
every set A. 


EXAMPLE 2.6.2 


Suppose that Q is the set of plane quadrilaterals and T is the set of all 
triangles. Then Q and T are disjoint and QN T=. 


EXAMPLE 2.6.3 


Suppose that D is the set of all rhombuses, and R is the set of rectangles. 
Then D 7 R is the set of squares. 


2.7 Proving That Two Sets Are Equal 


To prove that two sets A and B are equal, you often prove separately that 
AcBandBcA. 


At first sight this may seem as if a simple task has been replaced with 
two less simple tasks, but in practice, it gives a method of proving that 
two sets are equal, namely by proving that every member of the first is 
a member of the second, and vice versa. 


Here is an example suggested by the Venn diagram in Figure 2.5. 
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EXAMPLE 2.7.1 
Prove that if Ac BthenAN B=A. 


FIGURE 2.5 
Diagram for Example 2.7.1. 


Proof 


The hypothesis that A cB, tells you that if xe A then x € B. This 
will be used in appropriate places in the proof that A 4 B=A. 

The proof that AM B=A has two parts: first, to prove that 
AB cA;and secondly, to prove that A CA NB. 


First part. Suppose first that x € A 7 B. Then (x € Aandx € B). It follows 
thatxe A,SOANBCA. 


When you have a composite entity, such as A 7 B, sometimes you 
should think of it just as one compressed item, and at other times 
you may need to unpack it and work with the pieces. 


Second part. Now suppose that x € A. From the hypothesis if xe A 
then xe B, so (xe A and xe B) and therefore xe AMB. Hence 
ACANB. 

The two results ANBCA and ACANB together imply that 
AQ B=A. 

It is also true that if AN B=A, then ACB. This is proved as 
Example 2.7.2. 
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EXAMPLE 2.7.2 
Prove that if AN B=AthenA cB. 


Proof 


It can sometimes appear hard to know where to start in a proof like 
this. To prove that A c B, you have to start with x € A, and from 
it deduce that x ¢ B. Somewhere along the way you will use the 
hypothesis A 4 B= A. 


If x € A then, from the hypothesis, x¢ AM Bsoxe Aand xe¢ B. It fol- 
lows that x e B. Hence ifxe Athenxe B.SoACB. 

Notice that Examples 2.7.1 and 2.7.2 together show that the two state- 
ments A c B and A 4 B= A are equivalent because each can be deduced 
from the other. 


————__________} 
What You Should Know 


¢ Aset needs to be well defined in the sense that you can tell clearly 
whether or not a given element is a member of the set in question. 


¢ How to list the members of a set. 

e The meanings of the symbols ¢, ¢, : and the bracket notation for sets. 
e The meaning of and notation for subsets. 

e The meaning of and notation for the empty set. 

¢ The meaning of and notation for intersection and union of sets. 

¢ How to prove that two sets are equal. 


EXERCISE 2 
1. Which of the following sets is well defined? 
a. The set of prime numbers. 
b. People in the world whose birthday is on 1 April. 


c. A={x € Z: xis the digit in the 1000th place in the decimal expan- 
sion of z}. 


2. Mark each of the following statements true or false. 
a. 0E€Q 
b. Oe Z 


c. Aset may have just one element 
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3. List the members of the set P = {x € Z: |x| <3}. Does —3 € P? 
4. Explain why Zc Q. 


5. The notation 2Z is used to mean the set {2x: x € Z}. Decide whether 
2Z ¢ Zor ZC 2Z or neither or both is true. 


In Questions 6 through 8, A, B, and C are any sets. 

6. Prove that the statements A U B = B and An B= A are equivalent. 
7. Prove that An (BUC)=(ANB)UANC). 
8. Mark each of the following statements true or false. 

a. Dea 
ACANB 
ACAUB 
ACA 
AeA 
A is a proper subset of A. 

g AUBCANB 
9. Let A= {xe R: |x| <3} and B={x € R: |x-1| <2}. Prove that BCA. 

10. Let A be a set with n elements. Prove that A has 2” subsets. 


moan & 
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Binary Operations 


3.1 Introduction 


In the treatment of sets so far in this book, you have not been concerned with 
any relationships between the elements of the sets. 

However, there may be relationships between elements: for example, in 
the set Z you know that you can multiply elements (which are just numbers) 
together, or you can add them, and the result is still an element of Z. 

In R, the difference between two numbers x and y, defined by |x — y|, 
is an example of combining two numbers in a set and producing another 
number in the set, though in this case the new numbers produced are never 
negative. 

This chapter is about such rules and some of their properties. 


3.2 Binary Operations 


Here are some other examples of rules. 

For example, in 2+3=5, two elements 2 and 3 taken from Z have been 
combined using the operation +; the result, 5, is a member of Z. 

Suppose now that you are working with the elements of Z and the rule 
of division, +. This time 6 + 2 =3 is an element of the set Z, but 5 + 2 has 
no meaning in Z, because there is no integer n for which 5 = 2n. In this 
case, the rule + sometimes gives you a member of the set and sometimes 
does not. 

In R*, where division x + y is defined for all its members x and y, the order 
of the elements matters. In general x + y is not equal to y + x. 


Definition 


A binary operation » on a set A is a rule which assigns to each ordered pair 
of elements in A exactly one element of A. 
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Notice that it is hard to say precisely what a “rule” is. In this case, a rule 
is to be understood as no more than an association of a single element 
of A with an ordered pair of elements of A. 


So multiplication and addition in Z are binary operations, and so is differ- 
ence in R and division in R*. However, the rule + on Z is not a binary opera- 
tion, because division is not defined for every pair of elements in Z. 

Sometimes it is convenient to use the word “operation” instead of binary 
operation. 


3.3 Examples of Binary Operations 


EXAMPLE 3.3.1 


In N, suppose that ab is the least common multiple of a and b. Then, 
4014=28 and 3°7=21. In this case, ° is a binary operation on N. 


EXAMPLE 3.3.2 


In Z, suppose that a¢ b is the result of subtracting b from a, that is a —b. 
Then the result is always an integer, and ° is a binary operation on Z. 


Notice that in Example 3.3.1, the order of the elements a and b does not mat- 
ter. The least common multiple of a and b is the same as the least common 
multiple of b and a for alla,b € Zsoacb=bea for alla, be Z. 

In Example 3.3.2, however, the order of a and b does matter. For example, it 
is not true that 2-—3=3-2. 


Definition 


A binary operation ° on a set S is commutative if a°b=b-ea foralla, be S. 


Suppose that you have an expression of the form a ° b °c where » is a binary 
operation on a set S,and a,b and c € S. Then you can evaluate a °b°c in two 
different ways, either as (a° b)°c or as ae (bec). 

Sometimes these two ways of calculating a°boc give the same result. 
For example, using the binary operation+on Z allows you to say that 
(2+3)+4=2+ (+4). In general a+ (b+c)=(a+b) +c for all a, b, and ce Z. 
In this case, it doesn’t matter in which order you calculate the result. It fol- 
lows that you can write a + b + c without ambiguity. 
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However, sometimes it does matter how you work out a° boc. For exam- 
ple, using the binary operation — on Z, (2 — 3) -4=—5 and 2 — (3 — 4) =3, so it 
does matter which way you bracket the expression 2 — 3 — 4. 


Definition 


A binary operation ° on a set S is associative if a°(b°c)=(a°b) ec for all a,b 
and ce S. 


For a binary operation which is associative, it is usual to leave out the brack- 
ets and to write simply a ° b °c. You can then use either method of bracketing 
to calculate it. 


3.4 Tables 


It is sometimes useful to be able to specify a binary operation by using a 
table. 
Consider the set of numbers X = {2, 4, 6, 8}. Define a binary operation © 
between the elements of X by a ° b = the remainder after dividing a x b by 10. 
Figure 3.1 shows a table with the results of this binary operation. 


Second 

number 
o/2 4 6 8 
2'|4 8 2 6 
First 418 6 4 2 
number |S & 6 8 
8/6 2 8 4 


FIGURE 3.1 
Table for a binary operation ° showing 4 ° 8 = 2. 


The shaded cell in Figure 3.1 shows that 4 ° 8 = 2. 

In this book, the following notation for tables will be used. 

(The element in the ith row) ¢ (the element in the jth column) = (the element 
in the ith row and jth column). 

The table in Figure 3.2 shows how this notation works. 
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° a b Cc 


a|aca aob aoc 
b| boa bob boc 
c|coad cob coc 


FIGURE 3.2 
Placing the results of a binary operation in a table. 


The table in Figure 3.3 shows how a table can define a binary operation: 
this particular example defines a binary operation on the set S = {a, B, c}. 


Cc Cc Cc 


FIGURE 3.3 
A binary operation. 


The fact that every cell in the table is filled by exactly one element of S tells 
you that eis a binary operation on S. 

You can see from table in Figure 3.3 that aeb=c and that bea=b; the 
binary operation ° is therefore not commutative. 

Tables are useful for showing how binary operations work when the sets 
have only a few elements; they can get tedious when there are many ele- 
ments in the set. 


3.5 Testing for Binary Operations 


You need to take care when you define a binary operation and when you test 
whether a given rule is actually a binary operation on a set S. 
You need to be sure that 


e There is at least one element assigned for each pair of elements in 
the set S. 


e There is at most one element for each pair of elements in S. 
e The assigned element is actually in S. 


When these three properties hold, the binary operation is said to be well 
defined. 
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EXAMPLE 3.5.1 


Define ° on R by 4° b = a/b. Then ¢ is not a binary operation because 
no element is assigned to the pair a = 1, b =0. 

Define ° on Q* by ae b =a/b. Then ° is properly defined and ab is 
in Q* for every pair (a,b) € Q*, so ° is a binary operation on Q*. 

Define ¢ on Qt by acb= ab, where the positive square root is 
taken. Then no element is assigned to the pair a=1 and b=2; 
so ° is not a binary operation on Q*. 

Define ¢ on Z by acb is equal to the least member of Z which is 
greater than both a and J; then ¢ is a binary operation on Z. 

Define ° on R by 4° b is equal to the least member of R greater than 
both a and b. Then ¢ is not defined for the pair a=0 and b=0in 
R because there is no least positive real number. So ¢ is not a 
binary operation on R. 


There is another piece of language which you might come across associ- 
ated with binary operations. 

A binary operation ° on a set S is said to be closed if the element assigned 
to ae bisin S for all pairs of elements a and D in S. 

A binary operation ° on a set S is automatically closed because part of the 
definition of a binary operation is that the element assigned to ab isin S for 
each pair (a, b) € S. 


_————— | 
What You Should Know 


¢ What a binary operation is. 
¢ How to test whether a given operation is a binary operation or not. 
e¢ The meaning of the term “closed.” 


EXERCISE 3 


1. Which of the given operations are binary operations on the given 
set? For each operation that is not a binary operation, give one reason 
why it is not a binary operation. 


(Z, x) 
(N, 0), where a 0 b =a! 

(R, +) 

(Z, 0), where a 0 b =a? 

(Z, °), where ac b=a for alla, be Z 

({1, 3, 7, 9}, °) where ac b is the remainder when a x b is divided by 10 
(R, °), where ae b=0 foralla,be R 


ewe moanan SF 2 
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(C, °), where ae b= |a—b| 
(M, x), where M is the set of matrices, and x is multiplication of 
matrices 


(M, °), where M is the set of 2 x 2 matrices and A © B is given by 


A» B=det(A—B) 


(R, 0), where a ) b =a? 


bm 
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Pe 
4.1 Introduction 


This chapter is in the nature of a diversion from the main theme of this book. 
However, as you will see in due course, some sets of integers form groups, 
and you will need to know some of the properties of the integers in order to 
prove certain results about groups later on. 

As you already know a great deal about the integers, the approach taken 
is not to start from definitions of integers, but to assume most of the major 
properties that you already know and to prove, in logical sequence, the 
results which are needed. You will see that not all the proofs are given, not 
because they are too advanced or too difficult, but because this is really a 
book about groups. However, it is useful to have the theorems about integers 
clearly stated so that they can be used later in this book. 

The first property may appear obvious, but you may not have seen it stated 
explicitly before. It is called the Well-Ordering Principle. 

Suppose that A is a nonempty set of positive integers. Then A has a least 
member. 


This property is taken as an axiom. Although it looks obvious, you can- 
not prove it from the usual properties of integers, unless of course, you 
assume something equivalent to it. It is worth seeing how it is used in 
the subsequent proofs. 


4.2 The Division Algorithm 


The second property is called the Division Algorithm. You know it well, but 
you may not have seen it expressed in this way. First, we need a definition 
of “divisor.” 
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For integers a and b, a is a divisor of b if there is an integer g such that b = qa. 


The term “divisor” is really the same as “factor” which you are likely to 
have met before. The word “factor” can have other meanings in general 
usage and so “divisor” is the term often used in mathematics texts. 


Let a be any integer and let b be a positive integer. Then a can be written 
in the form a =qb +r where q and r are integers and 0 <r <b. Furthermore, q 
and r are unique. 


The notation using g and r should remind you of the terms “quotient” 
and “remainder.” The idea here is that you take the largest multiple of 
b that is less than a (call it qb) and let r be the remainder. Then r =a — qb. 
(In claiming that there is a largest multiple of b less than a, you are 
essentially using the Well-Ordering Principle.) 


4.3 Relatively Prime Pairs of Numbers 
Definition 


Let a, b € N. Thena and bare relatively prime if they have no common posi- 
tive divisor other than 1. 


Theorem 1 


Let a, be N. Thena and Dare relatively prime if, and only if, there exist inte- 
gers x, y such that ax + by = 1. 


Proof 


If, Suppose that there exist integers x, y such that ax + by=1. Let d be any 
positive integer which divides a and b. Then d divides ax + by, so d divides 1. 
Hence d= 1. 


Only if. Let h be the least positive integer in the set S = {ax + by: x, y € Z}. Use 
the division algorithm to write a= qh+rwhere 0 <r<h.Nowre S,ashcan 
be written as h =ax,) + by) (since h € S), so r=a—qh= (1 — qxo)a — (qyo)b. But h 
was the least positive integer in S, and 0 <r <h. Hence r= 0. Therefore a = gh 
so h divides a. Similarly h divides b. But the only positive divisor of both a 
and bis 1.Sod=1.™ 
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Following on from this theorem, you can prove the following two results. 
In Theorems 2 and 3, m, n,a, and k are positive integers. 


Theorem 2 
Let m and n be relatively prime. If m divides na, then m divides a. 


Proof 


By Theorem 1, there exist integers x, y such that mx +ny=1. Therefore 
mxa + nya =a. Since m divides the left-hand side, m divides the right-hand 
side. Therefore m divides a. ™ 


Theorem 3 


Let m and n be relatively prime. If m divides k and n divides k, then mn 
divides k. 


Proof 


As n divides k, you can write k=ns for some s € Z. Therefore, by Theorem 
2, as m divides ns, m divides s. Therefore s= mt for some t € Z. Therefore 
k = mnt, so mn divides k. @ 


(ie 
4.4 Prime Numbers 
Definition 


A prime number (often referred to simply as a prime) is an integer p>1 
which has no positive divisors other than 1 and p. 


Theorem 4 


If p divides ab, then either p divides a or p divides b. 


Proof 

Let p divide ab, and suppose that p does not divide a. As the only positive 
divisors of p are p and 1, it follows that p and a are relatively prime. The result 
then follows from Theorem 2. ™ 


From these theorems, it is now possible to prove the Fundamental Theorem 
of Arithmetic, which you certainly already know. 
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Theorem 5 


The Fundamental Theorem of Arithmetic. Every positive integer can be 
written as a product of primes and the factorization is unique apart from the 
order of the primes. 


Theorem 4 is used in the proof of the uniqueness part of Theorem 5. No 
proof of the theorem is given here. 

Theorem 5 justifies the statement that every number has prime divi- 
sors, a result that was used in Example 1.2.3 that there is no greatest 
prime number. 

Notice that if the definition of a prime number allowed 1 to be prime, 
then Theorem 5 would be false. For example, if a=6 then a=1x2x3 
and a= 2x3 would be two different representations of 6 as a product 
of primes. 


NOTE 1: Theorem 5 says that if a is a positive integer, then there are 
prime numbers p,, p2, ..., p, and positive integers a1, a, ..., a, such that 
a=p,"pr™...pr™. If you have two different positive integers a and J, then by 
including some zero powers (for example, if a,=0, p:;“ =1) you can write 
a=p,"p.”...p,* and b= pp.” ...p,4 where a4, Q, ...,a, 2 0and f,, f,, ..., B, 2 0, 
and it is the same set of primes in each factorization. For example, if a =30 
and b = 56 then a= 2! x 3! x 5! x 7 and b = 23 x 39 x 5° x 71, 


However, if a = 30 and b = 56 were simply to be factored into positive pow- 
ers of primes you would get a = 2! x 3! x 5! and b = 23 x 71. 


NOTE 2: Using Theorem 5 you can show that if p,, pz, ..., P, are primes and 
Q1, Ay ..., A, are integers 20, the divisors of p,“p.”...p,% are precisely the 
numbers p;“p.”...p,“", where 0 < 4; < a; for i=1, 2, ..., n. (It is easy to see that 
these numbers are divisors, and Theorem 5 is used in showing that there are 
no others.) 


4.5 Residue Classes of Integers 


Here is a new piece of notation. Define a = b (mod n), read as “a is congruent 
to b, modulo n,” to mean that n divides a — b. 
Here are some examples of this notation. 
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EXAMPLE 4.5.1 


3 = 24 (mod 7) because 3 — 24 = (-3) x 7. 
11 =-31 (mod 7) because 11 — (31) = 6 x 7. 
25 # 12 (mod 7) because 25 — 12 = 13, and 13 is not a multiple of 7. 


Theorem 6 


a=b (mod n) if, and only if, a and b leave the same remainder on division 
by n. 


Proof 

From the division algorithm you know that there are integers g, and r, such 
that a=q.n +r, where 0 <1, <n. Similarly, there are integers q, and r, such 
that b= qn + r,, where 0 <1, <n. On subtracting the second of these equa- 
tions from the first, you find that 


a—b=(qin+n)—-(qon+n) 
=(h -—q2)n + (% — 1). 


This equation will be used in the course of the proof. 


If. Suppose that a and b leave the same remainder on division by n, that is, 
1 =1y. Then a — b = (g, — q,)n. Therefore n divides a — b, so a= b (mod n). 

Only if. Suppose that a=b (mod n). Then there is an integer k such that 
a—b=kn. Therefore 


(1 — q2)n+(% -%)=kn 
(1%) =kn-(q - qo)n. 


But from 0 <7, <n and 0 <r, <n youcan deduce that -1 <1, — 1. <1,s01,- 1 
is a multiple of n lying strictly between -1 and n. The only possibility is 
1y-1)=O0sor,-1>. Ml 


It follows that every integer is congruent modulo n to exactly one of the 
integers 0, 1, 2, ..., 1 — 1, because these are the only possible remainders on 
dividing an integer by n. 


EXAMPLE 4.5.2 

In the case n = 2, every integer is congruent to either 0 or 1, according to 
whether it is even or odd. Thus, the integers Z are split into two sets: the 
even numbers, 2Z, and the odd numbers, 2Z + 1. 
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EXAMPLE 4.5.3 


In the case n = 3, every integer is congruent to 0, 1, or 2. The integers Z 
split into three disjoint sets: 3Z, 3Z + 1, and 3Z + 2, where 


3Z = {...,-6,-3,0,3,6,...} 
3Z+1={...,-5,-2,1,4,7,...} 
3Z+2={...,4,-1,2,5,8,... 


In general, for any positive integer n, Z splits into n disjoint sets, nZ, 
nZ +1,...,nZ + (n—1), illustrated in Figure 4.1. 


FIGURE 4.1 
Z split into disjoint sets. 


Definition 


For any ae Z, define the notation [a],=nZ+a. Then, the set [a], = 
{...,a—2n,a—n,a,a+n,a+2n, ...} is called the residue class of a modulo n. 
Where there is no ambiguity, the suffix n will usually be dropped and [g] will 
be used instead. 


From the remark following Theorem 6, there are exactly residue classes 
of integers modulo n, namely [0], [1], [2], ..., [1 — 1]. Let Z,, denote this set of 
residue classes. 

In a number of ways, these residue classes behave like integers. You can 
add them and multiply them in ways justified by Theorem 7. 
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Theorem 7 


Let a= b(mod n) and c=d (mod n). Then 
a+c=b+d(modn) and ac=bd(mod n). 


Proof 


Suppose that a = b (mod n) and c =d (mod n). Then, there exist integers h and 
k such that a— b=hn andc—d=kn, ora=b+hnandc=d+kn. 

Add these equations: a+c=(b+hn)+ (d+kn)=b+d+n(h+k). This shows 
that a+c=b+d (mod n). 

From multiplying the equations, it follows that 


ac =(b+hn)(d+kn) 
= bd + hdn + bkn + hkn? 
= bd+n(hd + bk + hkn) 


which shows that ac = bd (mod n).™ 


Hence, [a] + [b] = [a + b] and [a][b] = [ab] are both well-defined binary opera- 
tions on Z,,. They are called respectively, addition modulo n and multiplica- 
tion modulo n. 


EXAMPLE 4.5.4 
The table for Z, using the operation + is given by Figure 4.2a and that for 


Z, by Figure 4.2b. 
2 a ae. 0 12 
0;0O 1 0/0 1 2 
1;1 O 1 2 0O 
2/2 0 1 
FIGURE 4.2 


(a) Addition modulo 2 and (b) addition modulo 3. 


Notice that the [ ] notation has been dropped. Strictly, [a] is both the 
set nZ + a and also an element of Z,,. But in practice, provided that 
it is clear that you are working in Z,, there is no confusion about 
dropping the bracket notation. This is another example of the sit- 
uation referred to in Example 2.71, where you have a composite 
entity (this time the set [a]), which should sometimes be thought of 
as a single item, and at other times as a collection of pieces. 
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EXAMPLE 4.5.5 


When you come to carry out calculations in Z,,, it is probably easiest to 
calculate the remainder when you divide by n. So, for example, in Zs, 
3+4=7and3x4=4. Similarly, in Z,,6+8=5 and 6 x 8=3. 


4.6 Some Remarks 


Z, behaves like Z in many ways: for example, a+b=b+a, a+0=a, 
a(b+c)=ab+ac,a1=aanda.0=0. 

However, one crucial difference is that in Z, two nonzero numbers can 
be multiplied together to give zero. For example, in Z,, 2 x 2=0, and in Z,, 
2 x 3 =0. However, this can never happen if n is prime. 


Theorem 8 


Let p be a prime number, and let [a],[b] € Z,. If [a][b] = [0], then either [a] = [0] 
or [b] = [0]. 


Proof 


If [a][D] = [0] in Z,, then [ab] = [0], so p divides ab. By Theorem 4, either p divides 
a, or p divides b. Hence a = O(mod p) or b = O(mod p), so [a] = [0] or [b] = [0]. m 


Another difference between Z,, and Z (in general) is that in Z,, the number 
of roots of a polynomial equation f(x) = 0 can sometimes be greater than the 
degree of the equation. For example, in Z, the polynomial equation x? — 1 =0 
has four roots, namely, 1, 3, 5, and 7. However, this too can never happen if 
nis prime. 


Theorem 9 


If f(x) is a polynomial with coefficients in Z,, where p is prime, then the num- 
ber of elements a in Z, for which f(a) = 0 is less than, or equal to, the degree 


of f(x). 


Proof 

The proof will not be given here. It uses Theorem 8 (which says that when you 
multiply two nonzero elements of Z,, the answer is nonzero) and is very similar 
to the proof of the corresponding result for polynomials with real coefficients. 


LESSEE 
What You Should Know 


¢ How to carry out calculations in Z,,. 
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EXERCISE 4 


1. 


ies) 


Ol 


Find a counterexample to show that the result in Theorem 2 is not 
true if m and n are not relatively prime. 


. Find a counterexample to show that the result in Theorem 3 is not 


true if m and n are not relatively prime. 


. Which of the following statements are true and which are false? 


a. 7=9 (mod 2) 
b. 3=-5 (mod 4) 
c. 5#-13 (mod 3) 


. Carry out each of the following calculations. 


a. 2+2inZ, 


b. 3+5inZ, 
ce. 7x9in Zi 
d. 6x2inZ,, 
. Solve the equation x? = 3 (mod 11). 


. Letaand b be positive integers. Prove that a + b = min@, b) + max(a, D). 


In questions 7 and 8, the ps are prime numbers and the as and fs are 

integers greater than, or equal to, 0. 

The greatest common divisor (GCD) h of two positive integers a and 

b is a positive integer h with the properties (i) h divides both a and b 

and (ii) if m is another positive integer that divides both a and b, then 

mesh. 

a. Prove that if h, and h, are positive integers satisfying the two 
GCD properties above, then h, = hy. 

b. Prove that the GCD of p* and p? is pminteAl, 


c. Prove that the GCD of pi“po”...p,%" and ppl” ...pyl™ is 
pi pr”? ...pn’", where y; = min{a,,f} for 1, 2, ..., 1. 


. The least common multiple (LCM) | of two positive integers a and b 


is a positive integer / with the properties (i) / is a multiple of both a 

and b and (ii) ifm is another positive integer that is a multiple of both 

aand b, then! <m. 

a. Prove that if/, and /, are positive integers satisfying the two LCM 
properties above, then |, = 1). 

b. Prove that the LCM of p* and p? is pmxta#l, 

c. Prove that the LCM of pi"po”...p.% and py pr” 4; aif is 
pr 'p,® Lge where 6; = max{a;,;} for 1, 2, ..., n. 

Let a and b be positive integers with GCD h and LCM I. Prove that 

ab = hl. 
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Groups 


5.1 Introduction 


This chapter begins a sequence of chapters that look more carefully at struc- 
ture within sets, and analyze it in detail. You will also see that some appar- 
ently different sets and structures share similar features. 


5.2 Two Examples of Groups 


EXAMPLE 5.2.1 

In Section 3.4, you considered the set X = {2, 4, 6, 8} under the operation of 
multiplying the numbers and then taking the remainder after dividing 
by 10. You were able to construct the table in Figure 5.1, which is a copy 


of Figure 3.1. 

Second 

number 
o|/2 4 6 8 
214 8 2 6 
First 4|8 6 4 2 
number 6 2 4 6 8 
8|6 2 8 4 

FIGURE 5.1 


Remainders on division by 10. 


If you look at Figure 5.1 closely, you will see two characteristic features 
of a group table. 


¢ One row is exactly the same as the top row, and one column is 
exactly the same as the left-hand column. 

¢ Each row and each column consists of exactly the elements 
{2, 4, 6, 8} in some order, each element occurring just once. 
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EXAMPLE 5.2.2 


Suppose that ABC is an equilateral triangle, called T. Consider the 
following six transformations of the plane containing T (Figure 5.2). 


FIGURE 5.2 
Triangle T and its symmetries. 


X means “Reflect in the line x.” 

Y means “Reflect in the line y.” 

Z means “Reflect in the line z.” 

R means “Rotate by 120° anticlockwise about O.” 
S means “Rotate by 240° anticlockwise about O.” 
Imeans “Do nothing.” 


You can see that each of these transformations leaves T in the same overall 
position, even though it may change the positions of the points that make up 
T. Such a transformation is called a symmetry of T. Thus, the transformation 
R puts A in the position occupied by B, B in the position occupied by C, and 
C in the position occupied by A. The transformation X interchanges B and C 
and leaves A where it is. 

To combine operations, you use the rule “followed by.” When you carry 
out the transformation XR, this is R followed by X, A goes to the position 
occupied by B and then to the position initially occupied by C, B goes to the 
position occupied by C and then back to the position where it was at the start, 
and C goes to the position occupied by A. The result of this combined trans- 
formation is the same as the transformation carried out by Y. So you write 
XR=Y. Similarly RS =I. 


If you make a triangle out of card and write A, B, and C on both faces, 
you can then work out the results quickly. 
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In a similar way, each of the transformations I, R, S, X, Y, Z can be com- 
bined with another one, or itself, using the rule “followed by” and the result 
is always again one of these same six transformations. Hence “followed by” 
is a binary operation on the set {I, R, S, X, Y, Z}. 

Figure 5.3 shows the table for this binary operation. 


I R S X Y Z 
I I R S X Y Z 
R|R S I £24 xX Y 
S |S © R Y Z xX 
X |X Y Z I R S 
Y|Y Z2 xX S TI R 
Zi|Z X Y R S 


FIGURE 5.3 
Symmetries of an equilateral triangle. 


Once again, notice that 


¢ One row is exactly the same as the top row and one column is exactly 
the same as the left-hand column 


e Each row and column consists of exactly the elements {I, R, S, X, Y, Z} 
in some order, each occurring just once. 


There is one other property shared by the tables in Figures 5.1 and 5.3. 
This is the fact that if you multiply three elements a, b, and c, then it does not 
matter whether you calculate first ab and then (ab)c, or first bc and then a(bc). 

As you will see in the next section, the sets in Examples 5.2.1 and 5.2.2, 
together with the binary operations, form groups. 

The group of transformations described in Example 5.2.2 is one of a fam- 
ily of groups called dihedral groups (discussed in Chapter 13). This group 
is denoted by D,: D is for dihedral and the suffix 3 indicates that the group 
concerns the symmetries of an equilateral triangle. 


ee 
5.3 Definition of a Group 

Definition 

A group is a set G with a binary operation °, such that 


1. xe ye G for all x, y € G; that is, the operation ° is closed. 
2.x°(y°z)=(x°ey)°zforallx,y,z € Gthatis, the operation is associative. 
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3. There exists an element e € G such that for all xe G,eox=xee=x. 
4. For each element x € G, there exists an element x! € G such that 
xtox=xoxt=e, 


The group G with operation ° is written (G, °). 


Notice that the first requirement is already implicit in the term “binary 
operation.” The reason for stating it separately is that it is helpful, when 
proving that a set G with an operation ° is a group, to remember that 
you need to prove four things. 


The element e described in the third condition is called the identity for the 
group (, °). 


You need to be careful, because you cannot say e is the identity until 
you have proved that there can only be one identity. The proof starts by 
supposing that there are two of them. 


Theorem 10 
The identity element of a group (G, °) is unique. 


Proof 

Suppose that there are two elements of (G, °) with property 3. Call them e and 
e’. Then consider e  e’. Using the fact that e is an identity element, e° e’ =e! 
Similarly, using the fact that e’ is an identity element, e ° e’ = e. Therefore e = e’, 
so the identity element e is unique. li 


The element x7 described in the fourth condition for a group is called the 
inverse of x. Once again, this element is unique for a given element x. That 
is, a given element x cannot have two different inverses. 


Theorem 11 


Given a group (, °), and an element x € G, there is only one element y € G 
such that yox=xcey=e. 


Proof 


Suppose that there are two elements y and y’ with the property that 
yox=xeoy=eandy’ox=xoy’=e. 
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Then 


y’=y’ce eis the identity 
=y’o(xey) since xcoy=e 
=(y’ox)oy the associativity property 
=eoy since y’ox=e 
=y eis the identity. 


Therefore y = y’, so the inverse of x is unique. ll 


In Example 5.2.1, the identity element is 6; in Example 5.2.2, D3, it is I. 
You can check from the tables in Figures 5.1 and 5.2 that each element 
has an inverse. The associativity of the binary operation in Example 
5.2.1 follows from the associativity of multiplication of the integers. In 
Example 5.2.2, to see that the associative property of transformations 
under “followed by” is true, note that doing the transformation (ab)c is 
equivalent to doing c, then b, then a, as is the transformation a(bc). This 
is shown more formally in Theorem 31. So the sets and binary opera- 
tions in Examples 5.2.1 and 5.2.2 are both groups. 


Definition 


A group (G, °) is said to be abelian if it also satisfies x ° y = y ° x for all x,y € G 
that is, if the operation is commutative. 


Abelian groups are so named after the mathematician Abel (1802-1829) 
who pioneered early work on groups. 


5.4 A Diversion on Notation 


It can be tedious always to talk about the group (G, °), and it is quite usual, 
and quite acceptable to leave out the operation and to use multiplicative 
notation. So, provided there is no ambiguity, the notation G on its own will 
be used for a group, with the understanding that xy will be used instead 
of x°y. 
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Unfortunately, there is an exception to this. There are some groups, such as 
the integers under addition, in which it is usual to denote the binary opera- 
tion by +. In this case, it is more convenient to use additive notation for the 
group operation. 

In additive notation, a group is a set G with a binary operation + satisfying: 


1.x+ye Gforallx, ye G. 
2.x+(yt+z)=(«+y) +2 forall x, y,ze G. 
3. There exists an element 0 € Gsuch that for allxe G,O+x=x+0=x. 


4. For each element x € G, there exists an element —x € G such that 
(x)+x=x+Cry)=0. 


From now on, multiplicative notation will be used in this book except 
where it is more natural to use additive notation. 


You may very well think that it is bad not to be consistent with notation, 
but just think of the problems of working in the group (Z, +) with mul- 
tiplicative notation. You would be writing 3 x 5 = 8, which would raise 
more problems than a little inconsistency of notation. 


In practice, this inconsistency of notation should not be a problem. 
Note that it is not usual to use additive notation if the group is not abelian. 


5.5 Some Examples of Groups 


EXAMPLE 5.5.1 


The nonzero rational numbers Q* under multiplication form a group 
that is written as (Q*, x). Similarly, (R*, x) and (C*, x) are also groups. In 
each of them the identity element is 1. 


EXAMPLE 5.5.2 


As the tables in Figure 4.2a and b might suggest to you, Z,, with the oper- 
ation of addition forms a group (Z,,, +). 


Theorem 12 


(Z,,, +) is a group. 
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Proof 


The remark in Section 4.5 after Theorem 7 shows that [a] + [b] =[a+b] is a 
well-defined binary operation on Z,,. 
To show that the operation + is associative, note the following: 


The step [a + (b + o)] = [(a + b) +c] above follows because addition of inte- 
gers is associative. In this sense, the associativity of (Z,,, +) is “inher- 
ited” from the associativity of (Z, +). 


The element [0] is the identity element for (Z,, +) because for [a] € Z,, 
[0] + [a] = [0 + a] = [a] and [a] + [0] = [a + 0] = [a]. 

Finally, for [a] € Z,,, the inverse is [-a] € Z,, because [a] + [-a] = [a + -a)] = [0] 
and [-a] + [a] = [Ca) + a] = [0]. 

Therefore Z,,, together with the operation +, is a group. 


This group, which strictly should be written as (Z,,, +), will sometimes be 
written simply Z,, to avoid cumbersome notation. 


EXAMPLE 5.5.3 


The integers Z under addition form a group, (Z, +), in which the identity 
element is the integer 0. 


EXAMPLE 5.5.4 


The rotations of a circle about its center form a group under the operation 
“followed by.” The identity element is the “leave it alone” rotation of 0°. 


EXAMPLE 5.5.5 


Consider the set Z3, with the operation of multiplication. Its table is 
shown in Figure 5.4. 

You can easily verify that this is a group table. 

More generally, for any prime number p, the set Z; is a group under 
multiplication. 
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FIGURE 5.4 
The group (Z;*, x). 


Theorem 13 


Let p be a prime number. Then, the set Z; with the operation of multiplication 
is a group, (Z;, x). 


From Section 4.5, multiplication is a binary operation on Z,. But is it a 
binary operation on Z;? You need to check that when two nonzero ele- 
ments of Z, are multiplied together, the result is also nonzero. 


If [a],[b] € Z; , then [a] # [0] and [b] # [0]. Therefore, by Theorem 8, [a][b] # [0], 
and hence [a][b] € Z;. 
To check that the operation of multiplication is associative, note that 


The identity element is [1], because, for any [a] € Z;, [1]la] = [1 x a] = [a], and 
[a][1] = [a x 1] = [a]. 

Finally, suppose that [a] € Z;,. Then [a] # [0] and so p is not a divisor of a. As 
the only divisors of p are 1 and p, it follows that a and p are relatively prime. 
Therefore, by Theorem 1, there exist integers x and y such that ax + py=1. 
Hence [a][x] = [x][a] = [1], showing that [x] is an inverse for the element [a]. So 
each element of Z;, has an inverse. Therefore (Z;, x) is a group. 


All the examples of groups in this section so far have been abelian groups. 
Here is an example of a non-abelian group. 
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EXAMPLE 5.5.6 

Let M be the set of invertible 2 x 2 matrices with real entries, together 

with the operation of matrix multiplication. Then (M, x) is a group. 
Note that this group is not abelian since 


op aie eee Se ope ee pe ee, 
0 ijlo 2) lo 2) ™ lo 2}lo 1) lo 2) 
Looking back at these examples, you can see that they have different num- 
bers of elements. 
For example, the groups in Examples 5.5.1, 5.5.3, 5.5.4, and 5.5.6 each have 


an infinite number of elements, in Example 5.5.2, (Z,, +) has n elements, and 
in Example 5.5.5, (Z;, x) has p — 1 elements. 


Ww 


Definition 


The number of elements of a finite group is called the order of the group. If 
the group has an infinite number of elements, it is said to have infinite order. 


5.6 Some Useful Properties of Groups 


Here are some elementary properties of groups that will be used throughout 
this book. For convenience, the properties are stated as a theorem. 


Theorem 14 


Let G be a group. Then the following properties are true. 


1. Fora, be G, ifab=e, thena=b and b=". 

2. (ab) = be" for alla, be G. 

3. @)* =a for allae G. 

4. For a, x,y € G,if ax =ay then x =y and if xa = ya then x= y. 


Proof 


In following the proofs of these results, look back at the group axioms 
to find the appropriate reason for each step. 
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ay 


. Let ab =e. To prove the first part, multiply on the right by b+. Then 
(ab)b+ = eb+, so a(bb~) = b+, leading to ae = b and a = b". For part two 
multiply ab=e on the left by a7. Then a“(ab) =a"e, so (aa)b= a, 
leading to eb =a and b=a1. 

2. Consider the expression (ab)(b‘a") and prove that it is equal to e. 
Thus, (@b)(b1a7) = a(b(b'@4)) = a((bb)a“) = aea") = aa = e. Then, from 
part 1, ba" is the inverse of ab. 

. From the expression aa = e, and using part 1 with b as a+, the inverse 
of b is a, so the inverse of a is a. Therefore, (a)1 =a. 

4. If ax=ay, then a“(ax) =a“(ay), so (@a)x = (a"a)y leading to ex =ey 

and x = y. Similarly, if xa = ya, then (xa)at = (ya)a“, so x(aa“) = yaa), 

leading to xe = ye and x =. 


ies) 


The results in part 4 are sometimes called the cancellation laws for a 
group. 


5.7 The Powers of an Element 


When you combine an element x of a group G with itself, you obtain xx which 
is natural to write as x”. This makes it useful to define exactly what is meant 
by powers of an element. 


Definition 


Let x be an element of a group G. Then, if s is a positive integer, 


s times 


and 


s times 


xe axtyt xt, 


The power x? is defined to be x° = e, the identity of the group. 


It is not difficult to prove all the usual rules of indices from this definition. 
Thus, xsx! = xs, (x°)' = x", and x* =(x*)’ =(x7) for all s, te Z. 
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These rules are not proved here but the proofs are left as an exercise. 


Consider the dihedral group D; in Example 5.2.2, for which the multiplica- 
tion table is shown in Figure 5.5. Look at the subset H of this group consist- 
ing of powers of the element S. 


IT R S X Y Z 
I IT R S X Y Z 
R|R S I 2 xX Y 
S|S& IF R Y Z xX 
X|X Y Z2 TF R S 
Y|Y 2 xX S I R 
Z\|Z2 xX Y R S I 
FIGURE 5.5 
The dihedral group D3. 


You can see that S*°=S°S=R. Also S°=S°S*=SeR=I. Any positive 
power S" of S will now be either S, R, or [depending on the remainder when 
n is divided by 3. 

Also, as S° = I, S1 = S?, so every negative power of S is also a positive power 
of S. 

The only distinct powers of S are thus S, S?, and S°, which is equal to the 
identity. 

A similar situation holds in any finite group. 


Theorem 15 


Let x be an element of a finite group G. Then the powers of x cannot all be 
different, and there is a smallest positive integer k such that x* =e. 


Proof 


Consider all positive powers of x. These powers cannot all be different, because 
the group is finite, so at some stage two elements must be the same. Suppose 
that two of these elements are x" and x°, with r < s such that x’ = x°. Then 


s 


ae Sah 


a 


=x'x7= bal a Ma =e, 


so that x*” =e. There is thus a positive power of x that gives the identity ele- 
ment. By the well-ordering principle, there is a smallest such power, say k; 
then x‘ =e. 


The result of Theorem 15 leads to an important definition. 
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5.8 The Order of an Element 
Definition 


An element x of a group G is said to have finite order if x” =e for some n > 0; 
the least such n is called the order of x. If no such n exists, the element x is 
said to have infinite order. 


Some theorems follow immediately from the definition. 


Theorem 16 
Let G be a group. 


1. Let x € G be an element of infinite order, and let N be an integer. 
Then x‘ =e if, and only if, N=0. 

2. Let x € G be an element of finite order n, and let N be an integer. 
Then x =e if, and only if, n divides N. 


Proof 


1. If If N=0, then x‘ =e, by the definition of powers. 
Only if. Suppose that x = e. From the definition of infinite order, you 
cannot have N>0. But if xN=e, then x“ =(x‘)'=e'=e, so you 
cannot have N <0 either. Therefore N = 0. 

2. If, Suppose that n divides N, and that N = kn for an integer k. Then, 
gay a) me ae. 
Only if. Suppose that xN=e. Then, using the division algorithm, 
N=qn+r where O<r<n, so e=xN =x" =(x")'x" =elx’ =x". 
Therefore r = 0, because n is the least positive power of x such that 
x" =e. Therefore N = qn, and so n divides N. 


Theorem 17 


Let G be a group. 


1. Ifan element x has infinite order, then all the powers of x are distinct. 
2. If an element x has finite order n, then x'=x° if and only if 
r=s (mod n) so the powers of x repeat in cycles of length n. 


Proof 


1. If x’ =x, then x" = x'x = x8x* = x(x‘)! = e. By part 1 of Theorem 16, 
r—s=Oandsor=s. Therefore, ifr#s, x" #x°. 
2. If. If r=s (mod n), then n divides r — s, so r—s =kn for some integer k. 
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Therefore 2x" = x#" = xsackr = x8(x7/)k = xsek = x8, 

Only if. If x" =x’, then x'* =e as in part 1, and by part 2 of Theorem 16, n 
divides r —s. So r=s (mod n). 

Therefore if 0<r<s<n-—1 then x" #x°, so the elements e, x, x?, ..., x"! are 
all distinct. But any power of x is equal to one of these elements. For con- 
sider x", where m is an integer. By the division algorithm, m = qn + r where 
0<r<n. It follows that x” = x1" = (x")4x" = etx" = x" where 0 <r <n. Therefore, 
the powers repeat themselves in cycles, and the cycles are of length n. m 


There are two more theorems about orders of elements that will be needed 
for Section 14.5. 


You may wish to leave these theorems until you study Chapter 14. 


Theorem 18 


Let x be an element of a group G, and let the order of x be n. 


1. If m and n are relatively prime, then x” has order n. 
2. If n =st, then x’ has order t. 


Proof 


1. First note that (x")" =x" =(x")" =e" =e. Suppose that (*)' =e, 
Then x" = e. Hence, by Theorem 16, part 2, n divides md. But m and n 
are relatively prime. Therefore, by Theorem 2, n divides d. Therefore 
nis the least positive integer satisfying (x”)" =e. Therefore the order 
of x” is n. 

2. (x°)' =x" =x" =e. Now, let d be any positive integer satisfying 
(x*)4 =e. Then, x*/ =e. Therefore n divides sd, by Theorem 16, part 2. 
Therefore st divides sd, so t divides d. Therefore f is the least power 
of x* to give the identity. Therefore the order of x is t. I 


Theorem 19 


Let G be an abelian group and let a and b be elements of G having orders m 
and n, respectively. 


1. If m and n are relatively prime, then ab has order mn. 
2. Let | be the least common multiple of m and n. Then, there exists an 
element of G having order !. 
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Proof 


1. Let the order of ab be k. Then, since G is abelian, (ab)" = a"b", and as n 
is the order of b, (ab)" = a"b" = a" which has order m, by Theorem 18, 
part 1. But ((ab)")* = ((ab)*)" =e" =e, so m divides k, by Theorem 16, 
part 2. Similarly, n divides k. Therefore, by Theorem 3, mn divides k, 
since m and are relatively prime. But (ab)"" =(a")"(b")" =e"e" =e. 
Therefore, k = mn. 

2. By Note 1 after Theorem 5, m and n can be factored into primes in the 
forms m= p,"p2”...pr" and n= pp” ...p,4, where py, Po, -- Pp, are 


distinct primes and all the values of a; and ; satisfy a;, 6; 2 0. 


Using the result of question 8c in Chapter 4, the least common multiple / of 
mand nis l= pip,” es a, where 6;= max{a;, P;} for i=1, 2, ..., 7. 
Now, suppose that d is a positive integer that divides either m or n. 


We claim that there exists an element of G whose order is equal to d. 


If d divides m, there is an integer s such that m = sd. Then, using part 2 of 
Theorem 18, the element a° has order d. On the other hand, if d divides n, 
there is an integer ¢ such that n = td and then, again using part 2 of Theorem 
18, the element b' has order d. So, in either case, there is an element of G 
whose order is d. 


We shall now apply this r times by successively taking d equal to 
hee pe seey ee 


Now, for each i, p;* divides either m or n. 
This is because 6; is equal to either a; or f;. 


Therefore, for each i, there is an element c; of G whose order is pi’. 
So we have elements ¢,, Cy, ..., c, of G having orders pr" ,po®,. : wie respec- 
tively. As pr and po” are relatively prime, c,c, has order pr poe, by part 1. 
But then, as p;"p,” and p;” are relatively prime, we have that c,c,c, has order 
pi" po” ps, again by part 1. Continuing in this way, it follows that c, c) ... c, is 
an element of G having order pp,” sas pe, which as noted at the beginning 
of the proof, is equal to /. Hl 
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What You Should Know 


The definition of a group. 

That the identity element for a group is unique. 

That each element in a group has a unique inverse element. 
How to write out a group table for a small finite group. 
That multiplicative notation is generally used for groups. 
What is meant by the order of a group. 

The meaning of the power of an element. 

The meaning of the order of an element. 


EXERCISE 5 


1 


Oo 


. Write out a table showing the set {1, 5, 7, 11} under the operation of 


multiplication modulo 12. Is it the table of a group? 


. The notation R-{0, 1} means the set R without the numbers 0 


and 1. Consider the set of functions {I, F, G, H, K, L} defined on the 
set R— {0, 1} by I(x) =x, Fx) =1/0 — x), GX) =(x- D/x, Hx) =1-%, 
K(x) = x/(x — 1), and L(x) = 1/x. Construct a table to show that compo- 
sition of functions is a binary operation on this set, and that the set 
{L E, G, H, K, L} together with the operation of composition is a group. 
(Assume that composition of functions is associative; this is actually 
proved in Chapter 10, Theorem 31.) 


. Show that the set R—- {+1}, together with the operation », given by 


xey=x+y+txy, is a group. What is the identity element for the 
group? Find an expression for x in terms of x. (Note: the notation 
R — {-1} means the set R without the number -1.) 


. Let R be a rectangle that is not a square. Follow the working of 


Example 5.2.2, and define a set of symmetries for R. Draw up a group 
table for these symmetries. This group is called the Vierergruppe, 
the four-group, and denoted by V. 


. Write out a table for the set {1, 3, 7, 9} under the operation multiplica- 


tion modulo 10. 


. Write out a table for the set {1, 2, 4, 8} under the operation multiplica- 


tion modulo 15. Show that the table has the same structure as the 
table in question 5, with the elements renamed. 


7. Let G be a group, and let a be an element of G. Prove that if a? =a, 


8. 


then a =e. 
Let G be a group. Prove that if a* =e for alla € G, then G is abelian. 
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9. Which of the following are groups? Give reasons for your answer in 


10. 


11. 


12. 


13. 


each case. 
a. The set of all odd integers under addition. 


b. The set of all numbers of the form 2”5" (m, ne Z), under 
multiplication. 


c. The set of all 2 x 2 matrices of the form 


where a, b € R, under matrix multiplication. 
d. The set of all 2 x 2 matrices of the form 


wherea,c € R,a#0,c #0,andb € Q, under matrix multiplication. 
Show that the matrices 


Co alo aio 5) 


form a group under matrix multiplication. 

Prove the three index rules x°x! = x", (x°)f=x*, and x° = (x)! = (!)s 
for alls, t€ Z. 

Mark each of the following statements true or false. 

Every element of a group has an inverse. 

It is possible for an element of a group to be its own inverse. 

It is not possible for a group to be infinite. 

It is not possible for a group to consist of a single element. 

No element of a group has order 1. 


moan & p 


If the order of an element x in a group is n and xX =e, then N 
divides n. 

g. All groups are abelian. 

Prove the following generalization of Theorem 18, part 1. Let x be an 
element of a group G, and let the order of x be n. If h is the greatest 
common divisor of n and s, then x has order n/h. 


SN 


Subgroups 


6.1 Subgroups 


Sometimes, within a group table, you can see a group inside the main 
group. For example, Figure 6.1a shows the group D,, which you first saw in 
Example 5.2.2. The section that is shaded and that is reproduced unshaded 
in Figure 6.1b is itself a group with the same operation as that of the main 


group. 


(a) (b) 
I R §S 
I}]I R S 
R S I 
S|S I R 


FIGURE 6.1 
(a) The group D; and (b) subgroup of D3. 


The group in Figure 6.1b is called a subgroup of the original group. This 
leads to the following definition. 


Definition 
If His a subset of a group G with operation ¢, such that H is a group with the 


operation °, then H is a subgroup of G. 
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This is a natural definition, and one that you would expect. A subgroup 
is a subset which is itself a group under the operation inherited from G. 
Section 6.2 gives some examples of subgroups, and Section 6.3 gives a 
test that you can apply to tell whether a subset of a group is a subgroup. 


6.2 Examples of Subgroups 


EXAMPLE 6.2.1 


Every group G has two trivial subgroups, the group consisting of the 
identity {e} alone, and the whole group G. Subgroups other than the iden- 
tity subgroup and the whole group are called proper subgroups. 


EXAMPLE 6.2.2 


In the group D, in Example 5.2.2, the set {I, X} is a proper subgroup of D3. 
Similarly, {I, Y} and {I, Z} are also proper subgroups. 

However, the subset {I, R} is not a subgroup. As RR = S the operation is 
not closed on {I, R}. 

Similarly {I, X, S} is not a subgroup because XS = Z, which is not an 
element of {I, X, S}. 


EXAMPLE 6.2.3 


The nonzero rational numbers Q* under multiplication form a group 
(Q*, x). The set of positive rationals Q* under multiplication, (Q*, x), is a 
proper subgroup of (Q*, x). 


EXAMPLE 6.2.4 


The rational numbers Q with the operation of addition form a group 
(Q, +). However, the nonzero rational numbers Q* do not form a group 
under addition because addition is not closed; 1 € Q* and —1 € Q* but 
1+(-1) ¢ Q*. Therefore (Q%, +) is not a subgroup of (Q, +). 


Note that (Q*, x) is a group, but this does not make it a subgroup of 
(Q, +) because the operations are different. 


EXAMPLE 6.2.5 

The sets {1,-j, {1,-1, 1,-i}, and {ze C*: |z| =1} are all subgroups of 
(C*, x). In fact, {1, -1} is a subgroup of {1, -1, 1, -i}, which is in turn a sub- 
group of {ze C*: |z| =}. 


Subgroups 53 


EXAMPLE 6.2.6 

The subset of (Z,+) which consists of multiples of 2, that is, 

{...,-4, — 2, 0, 2, 4, ...} is a subgroup of Z. This group will be called (2Z, +). 
Similarly, for a positive integer n, the set nZ= {kn : ke Z} with the 


operation addition is a subgroup of (Z,+). This group will be called 
(nZ, +). 


Dr 


6.3 Testing for a Subgroup 


Although it is straightforward in particular cases for small finite groups to 
tell whether a subset of a group is a subgroup, it can be more difficult with 
larger groups. You need a way of testing systematically whether a subset is a 
subgroup. Theorem 20 gives such a test. 


Theorem 20 


Let G be a group, and H be a subset of G. Then, H is a subgroup of G if, and 
only if, 


e xye Hforallx,ye H 
eecH 
e x'te Hforeachxe H. 


Proof 


If 


To show that H is a subgroup of G you need to show that H, together 
with the operation of G, satisfies the four conditions in the definition of 
a group given in Section 5.3. 


The first condition, that xy € H for all x, y € H, makes sure that H is closed 
under the operation in G. 

Suppose that x, y, ze H. Then, as H is a subset of G, x, y, ze G. But 
x(yz) = (xy)z since G is a group. Thus associativity in H is inherited from asso- 
ciativity in G. 

The element e ¢ H, and ex = xe =x for all x € H, because this is true for all 
x € G,and every element of H is an element of G. 

Given x € H, x? € H and then x!x = xx =e, because x7 is the inverse of x 
inG. 
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Only if. Suppose that H is a subgroup of G. 
The first condition, proving that xy € H for all x, y € H, follows from the 
fact that H is a subgroup and therefore closed under the operation of G. 


For the second condition, it has to be shown that e, the identity 
element of G, is an element of H. The proof will consist of first show- 
ing that the identity element of H is actually equal to the identity 
element of G. 


Let f be the identity in H. Then f? =f But since f € G, it has an inverse f-! in 
G. Multiplying f? =f on the left by f-!, and working in G, f"'(ff) = ff and so 
(ff)f =e, so ef =e,so f=e. But fe H,soee H. 

For the third condition, let x ¢ H. Then x has an inverse, y, in H. So xy =e. 
But as x is in H, x is also in G, and there exists x1, the inverse of x in G. 
Therefore x = xe = x-(xy) = (x1x)y = ey =y. Buty € H,sox'e H. 


Here is an example showing how to use Theorem 20. 


EXAMPLE 6.3.1 


Let a and b be positive integers. Then H = {xa + yb: x, y € Z} is a subgroup 
of (Z, +). 

First, note that, for all x, y € Z, xa+ yb is an integer, so H C Z. 

Let n,, n, € H. Then n,=x,4+y,b and n,=x,a+ yb for integers x, 1, 
X, and y,. Therefore n, + ny = (x, + X2)a + (y, + y.)b, and since (x, + x) and 
(y; + y2) are integers, n, +n, € H. 

Since 0=0a+0b,and0e Z,0¢ H. 

Finally, let n=xa+ybe H. Consider -n=(-x)a+(-y)b. As (-x) and 
(-y) are integers, (-n) € H. Moreover, n + (-) = (-n) +n =0, so (-”) is the 
inverse of n and (-n) € H. The conditions of Theorem 20 are satisfied so 
His a subgroup of Z. 


6.4 The Subgroup Generated by an Element 


Animportant type of subgroup is the set of all the powers of a single element. 
In Section 5.7, you saw that, in the group D, the distinct powers of S con- 
sisted of S, S2, and S°, where S* = I. These powers of S form the group shown 
in the table in Figure 6.2. 
A similar situation holds for any element in any group. 
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FIGURE 6.2 
The subgroup of D; generated by S. 


Theorem 21 


Let x be an element of a group G. Then H = {x": n € Z} is a subgroup of G. 


Informally, this says that the set of all powers of an element form a 
group. Notice that if the group G is finite, there are only finitely many 
members of H, that is, H is finite as well. 

You might think that there are two cases to consider, when the order 
of x is finite, and when the order of x is infinite, but the proof, which 
consists of applying Theorem 20, applies to both of them. 


Proof 


Suppose that a, be H. Then a=x" and b=x* where r and s are integers, so 
ab = x"*s where, since r and s are integers, r +s is also an integer. Therefore 
abe H. 

AsOe Z,e=x" is a member of H. 

Lastly, let ae H so that a =x", wherere Z. Thena!=(x')1=x~. Butx’ € H 
as-re Z. Therefore a" € H. 

As the conditions of Theorem 20 are satisfied, H is a subgroup of G. ml 


Definition 
For an element x of a group G, the subgroup H = {x": n € Z} is called the 


subgroup generated by x. It is written (x). 


The subgroup generated by x is sometimes called the cyclic subgroup 
generated by x. Cyclic subgroups are discussed in Chapter 7. 
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From Theorem 17, it follows that: 
1. If an element x has infinite order, then (x) = {..., x2, x71, e, x, x2, ...),a 
subgroup of infinite order. 


2. If an element x has finite order n, then (x) = {e, x, x2, ..., x"~ 4}, a sub- 
group of order n. 


So the order of the element x is equal to the order of the subgroup gener- 
ated by x. 


EXAMPLE 6.4.1 


In the group (Z, +), the subgroup (5) consists of all the multiples of 5, 
namely 5Z. 


EXAMPLE 6.4.2 
In the group (Z,, +), the subgroup (1) = Z,, whereas (3) = {0, 3, 6}. 


EXAMPLE 6.4.3 
In the group (Z;, +), the subgroup (3) = Zs. 


EXAMPLE 6.4.4 
In the group D; in Example 5.2.2, (R) = {I R, R?} and (X) = {I, X}. 


Ss 
What You Should Know 


¢ What a subgroup is. 
¢ How to tell whether a subset of a group is a subgroup. 
¢ What is meant by the subgroup generated by an element. 


EXERCISE 6 

1. Find all the subgroups of the group shown in Figure 5.1. Which of 
the subgroups is a proper subgroup? 

2. Let G be an abelian group. Prove that the set of elements of order 
2, together with the identity element, that is H = {a € G: a?=e}, is a 
subgroup of G. 

3. Let G be an abelian group, and let H = {x € G: x =e}. Prove that H is 
a subgroup of G. 

4. Let G be an abelian group. Prove that the set of elements of finite 
order, H = {a € G: a" =e, some n} is a subgroup of G. 


Subgroups 


5. Mark each of the following statements true or false. 


a. 


b 
ic. 
d. 
e. 


The group in Example 5.2.2 has six subgroups. 

A non-abelian group can have a proper abelian subgroup. 

An infinite group cannot have a finite subgroup. 

An infinite proper subgroup of an infinite group must be abelian. 
All groups have proper subgroups. 


6. Let A and B be subgroups of a group G. Prove that AMB is a 
subgroup of G. Is A U B a subgroup? Justify your answer. 


7. Let H be a subgroup of a group G, and let a € H. Prove that (a) CH. 


8. Let H bea subset of a group G. Prove that H is a subgroup of G if, and 
only if, His nonempty and xy" € H for all x,y € H. 


This is an alternative to Theorem 20; a more compact criterion 
for a subgroup. 


9. Let G be a group, and let g be a fixed element of G. Prove that 


H= 


{x € G: gx = xg} is a subgroup of G. 


10. Let G be a group with a subgroup K, and let H be a subgroup of K. 
Prove that H is a subgroup of G. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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Cyclic Groups 


7.1 Introduction 


Some symmetry groups are especially simple. Consider the Isle of Man motif 
shown in Figure 7.1. 


FIGURE 7.1 
The Isle of Man motif. 


If r stands for a rotation about the center of 120° anticlockwise, then e, r,and 
r? are symmetries of the figure as each leaves it in the same overall position. 


The symmetry 7? is a rotation of 240° and e is the “do nothing” rotation 
of 0°. Notice that 73 = e. 


In fact e, r, and r? are the only distance-preserving transformations of the 
plane that leave this figure in the same overall position, and they form a 
group under the operation of “followed by.” The symmetry group of the Isle 
of Man motif, G = {e, 1, r*}, where r° = e, is an example of a cyclic group; all the 
elements of G are powers of one element in the group. 

Cyclic groups are very closely related to the idea of the order of an element, 
which you met in Section 5.8. 
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7.2 Cyclic Groups 
Definition 


Let G be a group. If there is an element g € G such that every element of 
G is of the form g” for some n € Z, then G is called a cyclic group. Such an 
element g is called a generator of G. The notation G = () is used to show that 
gis a generator for G. 


The elements of G consist of powers of an element of G. Notice that they 
could be negative as well as positive powers of g. 

To show that a group is cyclic, you have to produce a generator, and 
then demonstrate that it is a generator. To show that a group is not 
cyclic, you must show that no element is a generator. 


An element is a generator if, and only if, its order is equal to the order of 
the group. 


EXAMPLE 7.2.1 


In the group G = {e, r, 77}, with r° = e, there is more than one generator. You 
can easily check that 1? is also a generator, since (7)? = 4 = rr =er =1, and 
(P= = (PP =e =e. 


EXAMPLE 7.2.2 


The group (Z,, +) is cyclic. You can check that the element 1 is a generator, 
so Z, = (1). In general, the group (Z,,, +) is a cyclic group. Once again, 1 is 
a generator, so Z,, = (1). 


EXAMPLE 7.2.3 


A cyclic group can be infinite. An example is (Z, +). The number 1 is 
a generator, because every element 1 € Z can be written in the form 
n=n(1) @1+1+---+1, where there are n 1s on the right of the equa- 
tion). Therefore, (Z, +) = (1). 


EXAMPLE 7.2.4 


The group consisting of the six 6th roots of unity, {z¢ C: z°=1}, isa 
cyclic group. The elements of this group are 1, w, w?, w°, w*, w° where 
w =e'*, so w is a generator. The element w’* is also a generator, because 
every element of the group is also a power of w*. But w? is not a genera- 
tor, because its distinct powers are (w?)! = w?, (w?)? = wt, and (w?)? = 1. 
In addition, w’ is not a generator because its distinct powers are 
(w)! = w? and (w*)* = 1. 
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EXAMPLE 7.2.5 


The group D, in Example 5.2.2 is not cyclic. For neither R nor S is a 
generator, since they both have order 3, and none of X, Y, and Z is a gen- 
erator, since each has order 2. 


EXAMPLE 7.2.6 


The group (Q*, x) is not cyclic. For suppose p/q with p and q relatively 
prime is a generator for Q*. Then every element of Q* can be expressed 
as a power of p/q. Either |p/q| <1 or |p/q| 21. If |p/q| <1, all powers of 
p/q have magnitude less than 1, and no power of p/q will be equal to 2. 
Similarly, if |p/q| 2 1, all powers of p/q have magnitude greater than or 
equal to 1, and no power of p/q will be equal to 1/2. Therefore, there is no 
generator, and (Q*, x) is not cyclic. 


7.3 Some Definitions and Theorems about Cyclic Groups 
Theorem 22 


Every cyclic group is abelian. 


Proof 


Let G be a cyclic group, with generator g, and let x, ye G. Then x= 9" and 
y =9" for some integers m and n. Then xy = gg" = g"*" = g"9" = yx. So, since 
xy = yx for all x, y € G, Gis abelian. m 


Theorem 23 
Every subgroup of a cyclic group is cyclic. 


Proof 


Suppose that G is a cyclic group, and that H is a subgroup of G. Suppose that 
gis a generator of G. 

If H consists of the identity element e alone, then H = @) and H is cyclic. 
Suppose that H contains an element other than the identity element. 


Remember that to show that H is cyclic, you have to produce a genera- 
tor. As it seems likely that the least power of g which belongs to H will 
be a generator, that is the power to look for. You can therefore expect 
to use in the process the axiom about a set of positive integers having 
a least member. 
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Then g" € H for some neé€ Z,n #0. You can suppose that n> 0, since both 
g" and g" e H. Let m be the smallest positive integer for which g" « H. We 
claim that g” =a, say, is a generator of H. 


So you now have to prove that H = (a), that is, that two sets are equal. 
You have therefore to prove that each is a subset of the other. From the 
way that a was defined, it is clear that (@) C H. See also question 7 in 
Exercise 6. It therefore remains to show that H c (@), that is, that every 
element of H is a power of a. 


Suppose that x € H. Then, since H is a subgroup of G, x = 9% for some N. 
From the division algorithm, you can write N=qm-+r, where 0<r<m. 
As g"  H, (g")1e H, and it follows that ((g”)?)1 e€ H. But gN e H, and g’= 
gh —am = gN gam = gN((g)1)-1, Therefore, g’ € H. But 0 <r<m and mis the least 
positive integer for which g" € H. Therefore r = 0, and x = g' = ga" =(g")1 =a 
so x can be written as a power of a, and H is cyclic. 


Here is an application of this theorem. 


EXAMPLE 7.3.1 


In Example 6.3.1, it was shown that, if a and b are positive integers, then 
H= {xa + yb: x,y € Z} is a subgroup of (Z, +). 

Using Theorem 23, H is a cyclic group, and so has a generator h, which 
can be assumed to be positive. Therefore {xa + yb: x, y € Z} =hZ. 

The generator 1 is actually the greatest common divisor of a and b, for 
the following reasons. Since aé {xa+ yb: x, y € Z}, by taking x=1 and 
y =0, it follows that a € hZ because {xa + yb: x, ye Z}=hZ. Therefore h 
divides a. Similarly h divides b. But is it the greatest common divisor? 
Suppose that d is another common divisor of a and b. Then d divides all 
numbers of the form xa + yb. But h is of the form xa + yb because h € hZ 
and hZ = {xa+yb: x, ye Z}. Therefore d divides h. So d is less than or 
equal to h, and h is therefore the greatest common divisor. 

The fact that h is an element of H means that the greatest common divi- 
sor of a and b can be written as an integer linear combination of a and b. 
Now 1 € hZif, and only if, h = 1. Also, by definition, two positive integers 
are relatively prime if, and only if, their greatest common divisor is 1. So 
you can deduce, as a special case of Example 7.3.1, the result of Theorem 
1 that a and bare relatively prime if, and only if, there is an integer linear 
combination of a and b that is equal to 1. 
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What You Should Know 


What a cyclic group is. 


The meaning of “generator.” 


How to prove that a group is cyclic. 


How to prove that a group is not cyclic. 


EXERCISE 7 
1. Prove that the group ({2, 4, 6, 8}, x mod 10), in Figure 5.1, is cyclic. 


2. Find four proper subgroups of a cyclic group of order 12. 


3. Which elements of the cyclic group Z, are generators? 


4. Mark each of the following statements true or false. 


anu 


a. 


eyo an 


Every cyclic group has a generator. 

Every member of every cyclic group is a generator. 
A cyclic group can have more than one generator. 
A cyclic group can have a noncyclic subgroup. 
Every cyclic group is abelian. 

(Z, +) is not cyclic. 

(C%, x) is cyclic. 


. Prove that (R, +) is not a cyclic group. 


Which of the following groups are cyclic? Give reasons. 


a. 
b. 
c. 


The group {1,5, 7, 11}, under multiplication mod 12. 
The additive group Q of rational numbers. 


The circle group T={ze C:|z| =1} under multiplication of 
complex numbers. 


Z[i] = {a + bi: a, b € Z} under addition of complex numbers. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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Products of Groups 


8.1 Introduction 


You will be familiar with the idea of coordinates in the plane consisting of 
ordered pairs of numbers. You are used to plotting points such as (3, 2) and 
(/2,-V2) on coordinate axes on graph paper. Each of the numbers in such 
a coordinate pair comes from a set: when you plot graphs this set is usu- 
ally the real numbers R. The set of all pairs of coordinates such as (3, 2) and 
(2. aad ) is called R x R, meaning that the first number comes from the set 
R, as does the second number. The notation R? is sometimes used for R x R. 
The Cartesian product generalizes this idea. 


8.2 The Cartesian Product 


The Cartesian product of two sets A and B, written as A x B, is the set defined 
by AXB={@, b):ae A, be Bh. 


EXAMPLE 8.2.1 
Suppose that A = {2, 3, 4} and B = {x, y}. Then 


Ax B= {(2, x), (2, y), 8, x), 3, y), 4, 0), 4 yD}. 
Notice that the set B x A is not the same as A x B, because 
Bx A=({(x, 2), (y, 2), (%, 3), (Y, 3), (% 4), (Ys HDI 
So, the order of the sets in a Cartesian product matters. 
Notice also that neither A nor B is a subset of A x B. The set A x B con- 


sists of pairs: the elements of A and B are not pairs, so do not belong to 
AXB. 


65 


66 Discovering Group Theory 


EXAMPLE 8.2.2 


In the introduction to this section, you saw the set RxR. In the 
same way, the set Z, x Z, is the Cartesian product of Z, with itself. 
So Z, x Z, = {(0, 0), (0, 1), (1, 0), (1, I}. 


EXAMPLE 8.2.3 


In the case when the sets A and B are finite, you can draw a conclusion 
about the number of elements in the set A x B. For if A has m elements 
and B has n elements, the set A x B has mn elements. 

You can extend the definition of Cartesian product in an obvious way 
to define the Cartesian product of more than two sets. 


8.3 Direct Product Groups 


Suppose now that the sets in a Cartesian product are both groups, say G and 
H. Is the product G x H a group? 

Suppose that the two groups are (Z,, +) and (Z,, +). Then, the elements of 
Z, x Z, are (0, 0), (1, 0), (2, 0), (0, 1), (1, 1), and (2, 1). But what can you suggest 
for the rule of composition? 

Suppose that you want to find the product (1, 1) ° (0, 1). You can combine 
the first elements in Z, to get 1, and the second pair in Z, to get 0, thus giving 
a suggested product of (1, 0). 

If you write out a table, what you get is shown in Figure 8.1. You can easily 
check that this is a group table. The group Z, x Z, has order 6. 


(0,0) (1,0) (2,0) (0,1) (1,1) (2,1) 


(0,0) | (0,0) (1,0) (2,0) (0,1) (1,1) (2,1) 
(1,0) | (1,0) (2,0) (0,0) (1,1) (2,1) (0,1) 
(2,0) | (2,0) (0,0) (1,0) (2,1) (0,1) (1,1) 
(0,1) | (0,1) (4,1) (2,1) (0,0) (1,0) (2,0) 
(1,1) |}(, 1) (2,1) (0,1) (1,0) (2,0) (0,0) 
(2,1) | (2,1) (0,1) (1,1) (2,0) (0,0) (1,0) 


FIGURE 8.1 
The direct product group Z, x Z,. 


This leads to a more general argument. Combine (g,, /1,) and (g5, M2) by 
saying (81, 1y)° (So, Ny) = (8182, 4h) where the first multiplication is carried 
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out in G and the second is carried out in H; this can be described by saying 
that “multiplication is carried out in components.” 


Theorem 24 


Let G and H be groups. Then, the set GxH with the operation 
(1, Ay) ° (So Ma) = (8182 MyM) is a group. This group is called the direct prod- 
uct of the groups G and H. 


Proof 


The first question is, “Is the group operation well defined?” The answer is 
yes: as G and H are groups, the elements ¢,9, and h,h, are elements of G and 
H, respectively, so (2125, 1,hz) belongs to G x H. 

Multiplication by components is an associative operation: 


((g1,/1)°(2,h2)) °(g3,h3) = (8182, Mhz) °(83,hs) = (8182) 83, (hah )hs) 
(91,11) °((2,N2) °(3,hs)) = (81,1) ° (8283, Mahs) = (91( 9283), ni (hzhs)). 


These last two expressions are equal, because the operations within G and 
H are themselves associative. 

Denote the identity elements of G and H by e, and e,, respectively. Then 
(cg €) is the identity element of G x H because, for any element (g, i) € G x H, 
Co, en)? (8, N) = C8, enh) = (8, h) and (g, lt)? Cc, €x) = (Sec, her) = (8, Ni). 

Finally, the element (g7, h!) € Gx H is the inverse of the element (g, /). 
For (g1, h}) ¢ (g, h) = (1g, hth) = @g, ey). Similarly (g, h)°(gt, 1) = @g, ex), $0 
(gt, bh) is the inverse of (g, h) in G x H. 

So G x H with the operation of multiplication by components is a group. 


Direct products allow you to build bigger groups out of smaller ones. You 
will see in Chapter 11 that they also sometimes enable you to describe the 
structure of a complicated group in terms of the structures of more familiar 
smaller groups. 


Ee 
What You Should Know 


¢ The meaning of and the notation for Cartesian product. 
¢ How to carry out operations in a direct product of groups. 


EXERCISE 8 
1. Mark each of the following statements true or false. 
a. The set A x B always has a finite number of elements. 
b. The set Z,, x Z,, has mn elements. 
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c. Ifthe group G has m elements, and the group H has n elements, 
then G x H has mn elements. 


d. You cannot form the direct product G x H if G is infinite. 
2. Write a definition for the set A x B x C. Use your definition to write 
out the elements of Z, x Z, x Z>. 
. Prove that ZxZcQxQ. 


. You can interpret the set R x R as all the points on an infinite sheet 
of paper. How would you interpret Z x Z? 


Be OO 


5. Write out a group table for Z, x Z>. 

6. Prove that if G and H are abelian, then G x H is also abelian. 

7. Prove that if G is not abelian, then G x H is not abelian. 

8. Write out a group table for Z, x Z;. Is it the same group as Z; x Z,? 

9. Show that (1, 1) is a generator for Z; x Z,. Are there any other 
generators? 

10. Prove that if (x, y)€ GXH has order n in Gx H, then the order of 

x € G divides n, and the order of y € H divides n. 
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Functions 


9.1 Introduction 


It is likely that you already know a definition of function, probably in the 
context of functions of real numbers and their graphs. If that is the case, you 
will see that the definition given in this chapter is a generalization. If, on the 
other hand, you have already met the generalized idea of function, then this 
chapter is likely to be a revision of ideas, notation, and language. 

In some contexts, functions are called mappings. However, the words 
“function” and “mapping” have the same meaning. 


9.2 Functions: A Discussion 


In the context of graphs, people talk about a function of x such as f(x) = x’. 
But what are the properties that f must have in order to be called a function? 

First, what is x? In the case f(x) = x?, there is an understanding that x is a 
real number; however, in the case ¢(x) = Vx, the positive square root of x, 
there is an understanding that x is a positive real number or zero. The point 
is that in each case x is a member of a starting or object set, although you may 
not be told explicitly what this starting or object set is. In the generalization 
that follows, x will be taken from an object set that will be called the domain, 
and you will be told explicitly what the domain is. 

Secondly, what about the result f(x) obtained by operating on x with the 
function f? It also belongs to a set: this is sometimes called the target set, or 
more often the co-domain. Once again, you should be told explicitly what the 
co-domain is. In the example f(x) = x? the co-domain may be R, or it may be 
R* U {0}. In the context of calculus, you may not be told what the domain is, 
and often it will not matter precisely what the co-domain is; in the context of 
abstract algebra you will always be told the target set or co-domain. 

Thirdly, when you are told that f is a function, you expect that for every 
value of x you have a rule for calculating the value of f(x) corresponding to x. 
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There are two points here to emphasize. First, the rule must enable you to 
calculate the value of f(x) for every value of x and secondly, the rule gives 
only one value of f(x) for each value of x. f(x) is called the image of x under f 


Domain Co-domain 


FIGURE 9.1 
Illustration of a function. 


Figure 9.1 illustrates these three aspects of the idea of a function. You can 
see 


e The starting set, the domain A 
e The target set, the co-domain B 
¢ The rule showing the element b € B corresponding toa ¢ A 


The fact that for each element x in the domain A there corresponds just one 
value of f(x) in the co-domain B means that there is exactly one arrow leaving 
every point in the domain A, with its end in the co-domain B. Notice that it 
is not necessary for every element in B to be the image of an element of A. 


9.3 Functions: Formalizing the Discussion 
Definition 


A function f has three components: a starting set A, called the domain; a 
target set B, called the co-domain; and a rule that assigns to each member a 
of A a unique member b of B. 


Notice that it is hard to say precisely what a rule is. A rule is to be 
understood as no more than an association of elements of B with ele- 
ments of A for which (1) every element of A has an associated element 
of B and (2) no element of A has more than one associated element of B. 
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9.4 Notation and Language 


You write f: A > B to show that f is a function for which the domain is A and 
the co-domain is B, and say that “f maps A into B.” For elements a in A and 
b in B, as in Figure 9.1, you write b = f(a) and say that “f maps a to b.” The set 


{b e B:b = f(a) for some ae A} 


of images is denoted by im f It is also called the range of f. 

Two functions f: A > B and g: C > D are equal if A=C and B =D, and 
f(x) = g(x) for every element x in A. 

A natural extension of the idea of image set that you will meet later in this 
book is that of the image of a subset of A. Let f: A > B and let X c A. Then, 
the image f(X) of the subset X is defined by f(X) = {f(x): x € X}. 


Definition 
The function I,: A > A given by I,(x) =x for all x € A is called the identity 


function on A. 


If there is no ambiguity, the subscript A can be omitted. 


9.5 Examples 


EXAMPLE 9.5.1 


In Section 9.2, in the discussion of the two examples f(x) =x? and 
a(x)=~x, complete definitions of f and g might be as follows. 


f:R— Rsuch that f(x) =x? 
and 
g:R* U {0} > R such that g(x) = Vx, 
the positive square root of x. 
Notice that for both the functions f and g, the set of images is not the 
same as the whole domain R. You could have defined the function f 


differently by saying 


f- ROR’ VU {0} such that f(x) = x’. 
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However, in that case the two functions f are different. This illustrates 
an important fact: that to be equal, two functions must have the same 
domain, the same co-domain, and the same rule. 


EXAMPLE 9.5.2 


Consider the function f: Z — Z,, such that f(x) = [x], the residue class of 
x modulo n. 

Z,, consists of the n residue classes {[r]: r = 0, 1, 2, ..., 1 — 1}. Each of these 
residue classes is in the range of f because, for each 1, f(r) = [r]. 

In fact for each element [7] in Z,, there are infinitely many elements of Z 
that map to it because f(x) = [r] for every element x in the set r+ nZ, that 
is, for every integer of the form x =r +kn. 

Here are some examples of “functions” that are not well defined. 


EXAMPLE 9.5.3 


Let f: Q > Z be defined by f(x) = the numerator of the fraction x. 
This example fails the uniqueness part of the definition of a function. 


EXAMPLE 9.5.4 
Let f: Z > Q be given by f(n) = 1/n. 
This is not defined for n = 0. 


EXAMPLE 9.5.5 


Let X=set of times on a specified day, and Y =set of trains leaving 
Victoria Station in London on that day. Then let f: X — Y be given by 
f(x) = train leaving Victoria Station at time x. 

This fails on two grounds: given a particular time, there may not be a 
train leaving Victoria Station at that time; and there may be some times 
at which more than one train leaves Victoria Station. 


9.6 Injections and Surjections 
Definition 


A function f: A > B is called an injection if each element of B has at most 
one element of A mapped onto it. The adjective injective is used to describe 
a function that is an injection. 


Figure 9.2 illustrates an injection. Each element of B has at most one arrow 
coming into it from an element of A. Notice that there may be elements of B 
that are not images of elements of A. 
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Domain Co-domain 


FIGURE 9.2 
The function f: A > B is an injection. 


Proving that a given function f is an injection is equivalent to proving 
that if f(@) = f(b) then a = b. Simply writing down f(a) = f(b) as the first 
line is often a good way to start the proof. Example 9.6.1 illustrates 
this. 


Definition 


A function f: A > B is called a surjection if each element of B has at least one 
element of A mapped onto it. The adjective surjective is used to describe a 
function that is a surjection. 


Figure 9.3 illustrates a surjection. Each element of B has at least one arrow 
coming into it from an element of A. Some elements of B may be the image of 
more than one element of A. 


\ 4 
a 


Domain Co-domain 


FIGURE 9.3 
The function f: A > B is a surjection. 


74 Discovering Group Theory 


Definition 


A function f: A > B that is both an injection and a surjection is called a 
bijection. The adjective bijective is used to describe a function that is a 
bijection. 


Figure 94 illustrates a bijection. Each element of B has exactly one arrow 
coming into it from an element of A. 


Domain Co-domain 


FIGURE 9.4 
The function f: A > B is a bijection. 


Sometimes the term “onto function” is used instead of surjection, and 
the term “one to one correspondence” is used to mean bijection. In this 
book, the terms “surjection” and “bijection” will be used. 


EXAMPLE 9.6.1 


The function f: Z— Z such that f(n)=n+1 is both an injection and a 
surjection. 

To prove that f is an injection, suppose that a and b map to the same 
image under f. Then f(a) =f(b), soa+1=b+1,soa=b. 


This method is one you will generally use for proving that a func- 
tion is an injection. You start by supposing that two different ele- 
ments have identical images, and then show that the elements 
themselves must be identical. 


To prove that f is a surjection, you must find an element which maps 
onto any given element in the co-domain. So if you take an element 
n in the co-domain, consider the element 1-1 in the domain. Then 
fa-Y=(n-Y+1=n. 
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This method is fairly typical for proving that a function fis a sur- 
jection. For any given element of the co-domain, you have to iden- 
tify an element in the domain that maps onto it. 


In this case, as f is both an injection and a surjection, fis a bijection. 


EXAMPLE 9.6.2 


The projection function p: R? > R? defined by p(x, y)) = (x, 0) is neither an 
injection nor a surjection. 

To prove that p is not an injection, you need to find two elements in 
the domain that have the same image under p. Since p((0, 1)) = (0, 0) and 
p((0, 0)) = (0, 0), p is not an injection. 

To prove that p is not a surjection, you need to find an element in the 
co-domain R? that is not the image of any element of the domain R?. 

Consider the element (0, 1) and suppose that it is the image of (x, y). 
Then p((x, y)) = (x, 0) = (0, 1), which implies that x =0 and 0=1. As the 
second of these is impossible, no such element exists, and p is not a 
surjection. 


EXAMPLE 9.6.3 


Let G be a group, and let g be any element of G. Prove that the function 
f: G > G defined by f(x) = gx, for all x € G, is a bijection. 

Injection. Suppose that f(x) =f(y). Then gx =gy, and, by Theorem 14, 
part 4, x =y. Therefore f is injective. 

Surjection. Suppose that y is any member of G. Then gtye G, and 
f(g'y) = (gy) = ey =y, so f is surjective. 

Therefore, as f is injective and surjective, f is a bijection. 


When G is finite, the elements of the form gx in the group table for 
G are in the row with g at the left end. The fact that fis a bijection 
tells you that all the elements of G are in the row, and that no ele- 
ment is repeated. 

You can prove exactly the same property for columns by show- 
ing that f: G > G defined by f(x) = xg is also a bijection. 


9.7 Injections and Surjections of Finite Sets 


Here are two theorems about surjective and injective functions when the 
domain and co-domain are finite sets. You may find it useful to draw 
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diagrams like Figures 9.2 through 9.4 to illustrate the theorems for yourself. 
The results may then appear to be obvious. 

Before the theorems, a piece of notation. Let X be a finite set. Then |X| 
means the number of elements in X. 


Theorem 25 


Let X and Y be finite sets, and let f: X — Y be a function. Then 


1. |f(X)| < |X| 
2. fis injective if, and only if, | f(X)| = |X| 
3. fis surjective if, and only if, |f(X)| = |Y| 


Proof 


1. By the definition of function, to each x € X there is assigned one, 
and only one, element of Y. So, to each element of f(X), there cor- 
responds at least one element of X; and no two different elements 
of f(X) are associated with the same element of X. Therefore 
[OO | < |X|. 

If. Suppose that |f(X)| = |X|. Then X and f(X) have the same 
number of elements. Suppose that f(x,) =f(x,) for x,, x, ¢ X. If 
X,#2X, then |f(X)| < |X|, since the images of two different ele- 
ments in X would be the same. But as |f(X)| = |X|, x, =x,, and f 
is an injection. 

Only if. Suppose that f is an injection. Then if f(x,) = f(x), x, =X. 
Therefore, the elements of f(X) are all different, and |f(X)| = |X]. 

If. Suppose that | f(X)| = |Y|. Then f(X) and Y have the same number 
of elements. But f(X) c Y. So f(X) = Y. Therefore, every element of Y is 
the image of some element x € X, therefore, f is a surjection. 

Only if. Suppose that f is a surjection. Then every element of Y is 
the image of some element of X. So Y c f(X). But f(X) c Y. Therefore 

f0X) = Y, so |f(X)| = |Y|. 


N 


wv 


Since, by definition, f(X) c Y, and so |f(X)| < |Y|, you can deduce that if fis 
an injection, |X| < |Y|. Or, to put it another way, if |X| > |Y|, then fis not 
an injection. 

This result, called the Pigeon-hole Principle, is stated in the following way, 
with the justification in brackets. 

Suppose that you have pigeons that are to be put into pigeon-holes (that 
is, a function f: X > Y), and you have more pigeons than pigeon-holes (that 
is, |X| > |Y|), then there is at least one pigeon-hole with more than one 
pigeon in it (that is, fis not injective). 

The Pigeon-hole Principle has some quite surprising applications. Here is 
a none-too-serious example. 
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EXAMPLE 9.7.1 
Let X = the set of nonbald people in England, and let Y = the set of posi- 
tive integers less than a million. Let f: X — Y be given by f(x) = the num- 
ber of hairs on the head of x. 

It is a fact that no one has more than a million hairs on his or her head 
(the number is usually 150,000—200,000), so f is well defined. 

It is also a fact that |X| > |Y|, that is, the number of nonbald people in 
England is greater than a million. 

It follows from the Pigeon-hole principle that f is not injective, and 
hence that there are two people in England with the same number of 
hairs on their heads. 


Theorem 26 


Let X and Y be finite sets, let |X| = |Y|, and let f: X — Y be a function. Then 
fis injective if, and only if, fis surjective. 


Proof 


If. Suppose that f is surjective. Then, by Theorem 25, part 3, |f(X)| = |Y|. But 
by hypothesis, |X| = |Y|, so |f(X)| = |X|. Therefore, by Theorem 25, part 2, 
fis injective. 
Only if Suppose that fis injective. Then, by Theorem 25, part 2, | f(X)| = |X|. But, 
by hypothesis, |X| = |Y|, so |f(@)| = |Y|. Then, by Theorem 25, part 3, f is 
surjective. Hl 


What You Should Know 


¢ The meaning of the word “function” or “mapping.” 
e The language and notation associated with functions. 


WM 


¢ The meanings of the words “injection,” “surjection,” and “bijection.” 


¢ How to prove whether a given function is an injection, a surjection, 
a bijection, or none of these. 


¢ What the “Pigeon-hole principle” is. 


EXERCISE 9 
1. Prove that f: R > R defined by f(x) = sin x is neither an injection nor 
a surjection. 
2. Give an example of a function f: R > R that is an injection, but not a 
surjection. 
3. Give an example of a function f: R > R that is a surjection, but not 
an injection. 
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4. In each of the following examples, the domain is R and the co- 
domain is R. A rule f is given. Decide which of the rules is the defini- 
tion of a function. If it is a function, decide whether it is injective and 
whether it is surjective. Be able to justify your answers. Keep your 
answers: they will be used in question 2 of Exercise 10. 
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k. f(x) =sin™ x 
1. f(x) is the smallest real number greater than x. 
5. Prove that the function f: R* U {0} > R* u {0} defined by f(x) = Vx is 
a bijection. 
6. Prove that the function f: R* — R* defined by f(x) = 1/x is a bijection. 
7. Prove that the function f: Z — N defined by 


f(n)=[2n, ifn>0 
1-2n, ifn<0 


is a bijection. 
8. How can you tell from the graph of a function y = f(x) whether or not 
fis 
a. An injection 
b. Asurjection 
c. A bijection 
9. Mark each of the following statements true or false. 
a. The function f:R — Rsuch that f(x) = 0, for all x € R, isa bijection. 
b. The function f: Z; > Z; such that f(x) =x + 1 is an injection. 
c. Every function that is a bijection is also a surjection. 
d. f:RxR—-RxR defined by f(x, y)) = (y, x) is a bijection. 
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10. Let P = {polynomials in x with real coefficients}. Decide, in each of 
the following cases, whether f: P — P specified in the following 
ways is a function. If it is, decide whether it is injective, and whether 
it is surjective. 


a sip) = Head 


b ne 


c fte)=| aa 


d. fly) = xp) 
11. Let G be a group, and let g be any element of G. Prove that the func- 
tion f: G > G defined by f(x) = xg is a bijection. 
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Composition of Functions 


10.1 Introduction 


When the co-domain of one function is the domain of another function you 
can combine the two functions in the way indicated by Figure 10.1. 
A 


B C 


Domain of f Co-domain of f= Domain of g Co-domain of g 


FIGURE 10.1 
Function f followed by function g. 


In Figure 10.1, b = f(a) and c= g(b). The composite function is the function 
that maps a from the set A directly to c in the set C. These ideas are set up 
more formally in Section 10.2. 


10.2 Composite Functions 


First, you have to establish that the rule that takes a to c is actually a properly 
defined function. 


Theorem 27 


Let f: A > B and g: B > C be functions. Then h: A > C such that h(x) = g{f(} 
is a function. 
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Proof 


To show that his a function, you need to exhibit its domain and its co-domain, 
and to show that for every element in the domain there is a unique element 
in the co-domain. In this case, the domain is A and the co-domain is C, so 
it only remains to show the existence and uniqueness properties. For each 
element a € A, there exists a unique element f(a) = b in B. Moreover, for that 
be B, there is a unique element g(b) =c in C. It follows that for each element 
ae A there exists a unique element c € C such that c = g{f(a)}. 
This shows that h: A > C such that h(x) = g{f(x)} is a es a 


Let f: A > B and g: B > C be functions. Then, the function h: A — C such 
that h(x) = g{f(x)} is called the composite of f and g, and written sometimes as 
gofand sometimes as gf. Then (g ° f)(x) = g{f(x)}- 


The composite function g°f is pronounced “g circle f” In this chapter 
and the next, the notation g ° f will be used for clarity. Subsequently, the 
notation gf will be used for brevity. 


Notice that for the composite function to be properly defined, it is not nec- 
essary that the function f: A > B is a surjection. For example, let f: R > R be 
given by f(x) =sin x and g: R > R be given by g(x) = 2x. Then, the function 
(g°f): R > R is defined by (¢ ° f)(x) = g{f(x)} = 2 sin x, even though the image 
set of fis the set {x € R:-1 <x]. 

In the case of functions f: A > A and g:A > A, gefand fo g are both func- 
tions A > A, but they need not be equal. For example, let f: R > R be given by 
f(x) =2x+1andg:R— Rbe given by g(x) = 2x. Then (f° g)(1) = f(g()) =f2) = 
and (¢°f)(1) = ¢(f()) = 9) = 


10.3 Some Properties of Composite Functions 


What can you deduce about the composite function g° f: A > C when you 
know some of the properties of the functions f: A > B and g: B > C? For 
example, if fand g are both surjections, will g ° fbe a surjection? 


The answer is yes. The result itself is not very important, but the method 
of proof is important. As in all proofs about surjections, you have to 
find an element in A that maps to a given element in the image C. 
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EXAMPLE 10.3.1 


Prove that if f: A — B and g: B > C are surjections, then g°f: A > C is 
also a surjection. 

Notice that the conditions for a composite function are satisfied, so the 
composite function g°f: A > C exists. Now, suppose that c is any ele- 
ment in C. Then, since g is surjective, there exists an element b € B such 
that ¢(b) = c; and as fis surjective, there exists an element a € A such that 
f@ =b. Thus, (¢ °f)@ = g(f@) = g(b) =c. So g° f: A > Cis a surjection. 


EXAMPLE 10.3.2 

Suppose that f: A > B is an injection and g: B > C is a surjection. Can 
you deduce that (1) the function g°f: A > C is a surjection, or (2) the 
function g° f: A > C is an injection? 


1. You cannot deduce that g° f: A > Cis a surjection. Suppose that 
fi {a, b} > {p, q,r} is given by f@) = p and f(b) = q. Then fis an injec- 
tion. Suppose that ¢: {p, q, 1} — {s, t} is given by g(p) = g(q) =s and 
g(r) =t. Then g is a surjection. Now, (g ° f): {a, b} > {s, t} is given 
by (g¢°f)(@ =s and (g°f)(b) =s. So there is no x € A such that 
(g°f)(x) =t,sogef: A > Cis not a surjection. 

2. Also ge f: A > Cis not an injection, because a and b are distinct 
elements of A mapping to the element s in C under g° f. 


This section ends with a proof of an obvious-looking theorem. 


Theorem 28 


For any function f: A > A, I,° f=f=fe I). 


Recall that I, is the identity function on A defined at the end of 
Section 9.4. 


Proof 


Forae A, I,°f\@ =L,f@) =f@. Also (f° L,)@ =f(L,@) =f@. 


10.4 Inverse Functions 


Here is an important question about functions. Suppose that f: A > B is a 
function. Under what circumstances is there a reverse function g from B to A 
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which has the opposite effect to f? That is, under what conditions does there 
exist a function g: B > A such that g(b) = a whenever f(a) = b? 

The answer is that there will be a function g: B > A that reverses the effect 
of f: A > B, if, and only if, f. A > B is a bijection. 


Proving this apparently straightforward statement is long and detailed. 
If it would make you feel more comfortable, jump to the end of the 
section, and come back to fill in the details later. 


Theorem 29 


f. A—B is a bijection if, and only if, there exists a function g: B > A with 
g(f@) =a for alla € A and f(g(b)) = b for all be B. 


Proof 
Consider the following two statements. 


1. There exists a function g: B > A such that g(f(a)) =a for alla € A,and 
f(g(b) =b for all be B. 
2. f. A > Bisa bijection. 


The proof will come in two stages. The first stage is to show that if state- 
ment 1 is true, then statement 2 is true. Thus, you need to show that fis 
injective and surjective. 


Suppose that statement 1 is true. 

Injection. If f(x) = f(y), then g(f(x) = g(f(y)), so, by the first part of the hypoth- 
esis of statement 1, x = y. Hence f: A > B is injective. 

Surjection. If b € B then, from the second part of the hypothesis of statement 1, 
b = f(g(b)) is the image under f of g(b) € A. Hence f: A > B is surjective. 

Hence f: A > B is a bijection. 


The second stage consists of showing that if statement 2 is true, then 
statement 1 is true. The first part of this stage consists in showing that 
the function g is well defined. 


Suppose that f: A > B is a bijection. 
Well defined. For every b € B, there is at least one a € A such that f(a) =b 
because fis surjective. But, given b, there cannot be more than one a € A such 


Composition of Functions 85 


that f(a) = b because f is injective. Therefore, specifying 9(b) to be that unique 
ae A such that f(a) = b gives a well-defined function g: B > A. 


So g is well defined. Now, you have to show that the function g has the 
required properties. 


Moreover, for b € B, f(g(b)) = f(a) = b. 
Also, for a € A, if you write b = f(a), then g(b) is, by construction, equal to a, 
so 9(f(@)) =a. This concludes the proof of the theorem. lm 


Theorem 29 tells you that f: A > B is a bijection if, and only if, there is a 
function g: B > A such that g°f=1, and f° g=I,. But what can you conclude 
from all this? You can now define an inverse function. 


Definition 
The function g: B > A of Theorem 29 is called an inverse for f 


There is still one more result to prove in this section. 


Theorem 30 


Let f: A > B bea bijection. Then, the function g: B > A with 9(f@) =a for all 
ae A,and f(g(b)) = b for all b € Bis (1) a bijection and (2) uniquely determined 


by f 
Proof 


The function f plays the role of an inverse for g, so Theorem 29 can be applied 
to g. This shows that g is a bijection. 


Remember in proving part 2 that two functions are equal if they have 
the same domain, co-domain, and have the same effect on every ele- 
ment of the domain. 


To prove the uniqueness, suppose that g: B > A and h: B > A are both 
inverses of f. Then f(g(b)) = b = f(h(b) for all b € B. Therefore, since f is injec- 
tive, 9(b) = h(b) for all be B. Therefore g =h. @ 


You can now talk about the inverse f“ of a bijection f: A — B. The inverse of 
f: A — Bis the function f7: B > A such that fe f1 =I, and f1° f= I). 
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10.5 Associativity of Functions 


Suppose that f: A> B, g: BC, and h: CD are three functions. Then, 
you can combine them to form composite functions in two ways: you could 
combine f and g first to get g ef and then combine this with h to get the func- 
tion h ° (¢° f): A > D; or you could work the other way round to get (f° g) °f: 
A — D. You probably suspect that it doesn’t matter which way you write it— 
the result will be the same. You are right! 

To prove it, you need to go back to the definitions in Section 10.2. 


Theorem 31 


Let fA > B,g: BC, and h: C> D be functions. Then, (h° g) °f=he (¢°f). 


Proof 
Using the definition of composite function on the expression [(h° g) ° f](x) 


gives [(h° g) ° f](x) = (he gif) = hLg(feo)]. Similarly, [h ° (g ° f(x) = hI(g ° 
=h[g(f@)]. As the domains and co-domains of (h ° g) ° fand ho (g° f) are the 
same and [(h ° g) ° f](x) = [h° (g ° f)\(x) for any x in A, it follows that the func- 
tions (he g)° f and he (¢°f) are equal. 


It is also easy to see, but tedious to write out, a proof that a kind of general- 
ized associative law holds for composite functions. Thus, if p, q,r,and s are four 
functions with compatible domains and co-domains so that they can be com- 
posed together, you can talk about the function s ° r° g ° p without brackets. 


10.6 Inverse of a Composite Function 


It is useful now to introduce a collapsed form of the usual diagram for sets 
and functions. Let f; A > B and g: B > C be functions. These functions are 
illustrated in Figure 10.2, together with go f: A > C. 


&ef 
e ——> e — > e 


FIGURE 10.2 
The function g°f: A > C. 


Now, suppose that the functions f: A > B and g: B > C are both bijections, 
so that the inverse functions f": B > A and g™: C > B both exist. What can 
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you say about the inverse of the composite function g° f: A > C? Figure 10.3 
helps to make the situation clear. 


FIGURE 10.3 
Finding the inverse of g°f: A > C. 


From Figure 10.3, you can surmise that the inverse of the function g ° f is 
f° g". Here is a proof. 


Theorem 32 


Let the two functions f: A — B and g: B > C be bijections. Then, the inverse 
of the function g°f: AC exists and is the function ftegt: CoA. 
Furthermore go f and fo g" are both bijections. 


To prove this result, you need to go back to Section 10.4 and 
check the details. You need to check that (f1°9"1)°(g°f)=I, and 


Coe eae 


Proof 
First, 
(frese(gefl=f og o(gef)) 

= fTo((gteg)ef) 
= f'o(Ipe f) 
= fof, using Theorem 28 
=[, 

Secondly, 


igefeG se J-gefe 2s) 
=pelirar ee) 
=g0(Inog") 
=gog', again using Theorem 28 
=I¢ 
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Therefore, f+ ° g* is the inverse of gf. 
Also it follows from Theorem 29 that g ° f and f° g" are bijections. 


You can think of Theorem 32 in terms of doing and undoing certain 
actions. For example, if you want to reverse the effect of putting on 
your socks and then putting on your shoes you would first take off 
your shoes and then take off your socks. 


10.7 The Bijections from a Set to Itself 


You have probably guessed by now that the set of bijections from a set A to 
itself forms a group. Here is a proof. 


Theorem 33 


The set of bijections from a set A to itself together with the operation of com- 
position is a group. 


Proof 


Suppose that f: A > A and g: A > A are bijections. The fact that f° g is a bijec- 
tion follows immediately from Theorem 32. 

Let f,g,and hbe bijections A > A. Then, by Theorem 31, f° (g° h) = (fe g) eh. 
So bijections are associative under composition of functions. 

The identity function I: A > A is clearly a bijection, and, from Theorem 28, 
I,°f=fel, =f for any bijection f A > A. This identity bijection, I,, therefore 
fulfills the role of identity in the group. 

Finally, from Theorems 29 and 30, as f: A > A is a bijection, the inverse 
function f+: A > A exists, is a bijection, and f° f=f°f'=I,. 

All the group axioms are satisfied, so the set of bijections A — A together 
with the operation of composition is a group. ll 


You should be aware that the word “identity” is used in two distinct 
ways in the middle of this proof. The identity function from A to itself 
fulfills the role of the identity element in the group. 
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What You Should Know 
¢ What the composition of two functions means, the notation for it, 
and the conditions under which it exists. 
e What an inverse function is, conditions for the inverse function to 
exist, and how to find the inverse of a product of functions. 
¢ Composition of functions is associative. 


¢ The set of bijections from a set to itself together with the operation of 
composition is a group. 


EXERCISE 10 

1. Prove that, iff A > Band g: B > Aare such that g° f= I, then fis an 
injection and g is a surjection. 

2. In question 4 of Exercise 9 you decided whether each of the follow- 
ing was the definition of a function and, if so, whether it was injec- 
tive and whether it was surjective. Use your answer to decide which 
of the functions have inverses, and give these inverses. 


a. f(x) = 

b. fa) = 

c. f(x) = i 

d. fa) = 

e. f(x) =tan x 

f. fix)=e 

g. fix) = |x| 

h. f(x) =int x (int x is the largest integer <x) 


i. f(x)= =Jx 

j. fo)=xt1 

k. f(x) =sin' x 

1. f(x) is the smallest real number greater than x 
. Show that the function g: N > Z defined by 


Go 


_ n/2, ifniseven 
8) =) 4 _ny/2, ifnisodd 


is inverse to the function f: Z — N of question 7 of Exercise 9. 
4. Mark each of the following statements true or false. 

a. The inverse of fo gis f° gt. 

b. If fis a bijection, then fis an injection. 
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c. An injection is a bijection if, and only if, it is a surjection. 
d. Aninjection from a finite set to itself is also a surjection. 
e. An injection from an infinite set to itself is also a surjection. 


5. Let A be a set, and X be any subset of A. From Theorem 33 the set B 
of bijections A — A forms a group under composition of functions. 
Prove that the subset H = {f € B: f(X) = X} is a subgroup of B. 


Notice that the fact that f(X) = X does not mean that f(x) = x for 
allx e X. If f(X) =X, then for all x € X, f(x) is an element of X, 
but f(x) need not be equal to the particular element x. 


11 


Isomorphisms 


11.1 Introduction 


In working Chapters 6 through 8 you must have noticed the similarity 
between some of the group tables which you constructed. 

For example, the group consisting of {1, -1} under multiplication is very 
similar to the subgroup of D; consisting of {I, X}. Figures 11.1a and 11.1b show 
these two groups; you can see that they have the same structure. 


FIGURE 11.1 
(a) Group ({1, -1}, x) and (b) subgroup {I, X} of D3. 


If you replace 1 by I and -1 by X, the tables become identical; the only 
difference is in the names of the elements. This is an example of an isomor- 
phism. Here are two more examples. 


EXAMPLE 11.1.1 


The group (Z, +) is illustrated in Figure 11.2a and the group 
({1, 7, -1, -i}, x) is shown in Figure 11.2b. 


@ |012 3 (| ee ee ae 
0]0 12 3 dias. a Se, oe 
1d? 2 30 Eas, <eaes od 
22. 3.001 oe t= ee a 
3}3 01 2 Bc eee See es | 


FIGURE 11.2 
The groups (a) (Z,, +) and (b) ({1, i, -1, -i}, x). 
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Once again you can see that these tables are identical in structure. The 
only difference is in the names of the elements. If you replace 0 by 1, 1 by 
i, 2 by -1, and 3 by -i, the tables become identical. 


It is not always so easy to see when two group tables are identical. 
For example, the tables may be too big to write out or the informa- 
tion may be concealed in some way. 


EXAMPLE 11.1.2 


Consider now the group in Example 5.2.1 and (Z,,+). Are these two 
groups, shown in Figure 11.3, structurally the same? 


(b) 


Caner N 


2 
4 
8 
2 
6 


NB OD CO} 
CA KFNID 
He CON OC 


0 
0 
1 
2 
3 


WwnNr oO 

COWN FF 
FOoOWN|\ 
Nr Oo wWlw 


FIGURE 11.3 
The groups (a) ({2,4,6,8}, x mod 10) and (b) (Z,, +). 


The situation is not quite so straightforward. At first sight you might 
say that the two groups do not have the same structure, but wait! If 
you first interchange the rows 2 || 48 2 6 and 6 || 24 6 8 and then 
interchange the columns headed by 2 and 6 in Figure 11.3a, you would 
obtain Figure 11.4a; if you now interchange the rows 2 || 2 8 4 6 and 
4 || 4682 and then interchange the columns headed by 2 and 4 you 
obtain Figure 11.4b. 


(a) 


ont a 


6 
6 
4 
2 
8 


NOD A) 
DF CON|N\ 
HO \ C]CO 
orn a 


6 
6 
2 
4 
8 


Noe VIN 
ND OB) 
NWN O 0O}CO 


FIGURE 11.4 
(a) Figure 11.3a with a change of rows and columns and (b) a further change of rows and 
columns. 


You can see now that Figures 11.3b and 11.4b do have the same struc- 
ture, with 6 > 0,2 > 1,4 > 2, and 8 > 3. So to decide whether or not two 
tables have the same structure you may have to rearrange them. 


Here is an example where the two groups are not isomorphic. 


Isomorphisms 


EXAMPLE 11.1.3 
Figure 11.5a shows the group Z, x Z, and Figure 11.5b shows the group 


(Z,,+). 
(a) (0,0) (1,0) (0,1) (1,1) (b) 012 3 
(0, 0)) (0,0) (1,0) (0,1) (1,1) 0;0 1 2 3 
1/123 0 
(1, 0)} (1, 0) (0,0) (1,1) (0, 1) slo eo 4 
(0, 1)| (0,1) (1,1) (0) (4,0) A Para 
(1, 1)} G1, 1) (0,1) (1,0) (0, 0) 
FIGURE 11.5 
(a) Z, x Z, and (b) Z,. 


If you look at Figure 11.5a, at the terms on the diagonal, you will see 
that in Z, x Z, each term multiplied by itself gives (0, 0), the identity ele- 
ment in Z, x Z,, whereas in Z, the same is not true. This is an example 
of a different structure, because no amount of rearranging the order of 
the elements or renaming the elements in Figure 11.5b can make all the 
elements on the diagonal equal to 0, the identity element in Z,. This is 
because the elements in the diagonal are always the “squares” of the ele- 
ments in the group, and in Z,,1+1=2and3+3=2. 

So Z, x Z, does not have the same structure as Z,. 
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11.2 Isomorphism 


The literal meaning of “isomorphism” is “equal structure,” and it is used 
this sense mathematically. 


in 


Thinking informally, if two groups G and H are to have the same struc- 


ture, you would expect them to be of the same size. So, it is a good idea 
insist that a bijection exists between the elements of G and H. 


You have seen in Example 11.1.3 that simply to have a bijection is not 
sufficient. It is almost as if you go into a car showroom and you have 
to decide between two apparently identical cars. It is not sufficient 
that they have the same parts; the parts have to fit together and work 
together in the same way. If there was simply a bijection between the 
parts, then one car might be assembled, ready to drive, and the other 
could be a heap of parts on the floor. 


to 


However, you can guess at the important extra condition by looking care- 


fully at the partially completed group tables in Figure 11.6. 
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FIGURE 11.6 
This leads to a definition of isomorphism. 


Suppose (G, °) and (H, :) are groups and that you have defined a bijection 
f:G > H, such that f(@) = A and f(b) = B. Then, if the groups have the same struc- 
ture, the product a ° b must correspond to the product A -B; that is f@° b) =A-B. 
And, moreover, this must be true for all the elements a and b in G. 


Definition 
Two groups (G, °) and (H, -) are isomorphic if there is a bijection f: G > H such 


that, for all x,y € G,f(xey) = f(x) -fly). The function fis called an isomorphism. 
The notation G = H will be used to denote that G and H are isomorphic. 


Often the notation used is simply the ordinary multiplication notation in 
both groups. The condition f(x e y) = f(x) - f(y) then becomes f(xy) = f(xf(y). 

There are some immediate results which follow from this definition. For 
example, since you are really renaming the elements, you would be very 
surprised indeed if the image of the identity element in G were not the iden- 
tity element in H. Similarly, if x € G, you would expect x1 to map onto the 
element which is the inverse of the image f(x) in H. 


Theorem 34 


If f: G— H is an isomorphism of groups G and H, and ¢ is the identity in G, 
then f(e) is the identity in H. Moreover, if x € G, then f(x") is the inverse of 
f(x) in H. 


Proof 


On the way expect to use the relation f(xy) = f(xjf(y). 


Let e be the identity in G and let e,, be the identity in H. Let y be any ele- 
ment of H. As f is a surjection, there is an element x € G such that f(x) = y. 


Then y = f(x) = flex) = ffx) =fey and y =f(x) = fixe) = fl~)fle) = yf, so that 
fey =y = yf. It follows that f(e) is the identity in H, so f(e) = ey. 


To prove that f(x") is the inverse of f(x), you must prove that f(x )f(x) 
= f(x)f(x7) = ey. So start with fx). 
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Using f(xy) = fodfly), foc fe) = fx) = fe) = ey Also, ff) = fxx) = fle) = ey. 
This proves the result. ll 


11.3 Proving Two Groups Are Isomorphic 


To prove that two groups G and H are isomorphic, you need to produce a 
bijection, f: G — H, and show that the relation f(xy) = f(x)f(y) holds. 

If the groups are small, you can do this efficiently by writing out the 
groups’ tables in a corresponding way. This is, in effect, producing the bijec- 
tion, and verifying, case by case, that f(xy) = f(x)f(y). 

However, usually it will be more practical to specify the isomorphism dif- 
ferently. Here is an example. 


EXAMPLE 11.3.1 


Prove that Z, = Z, x Z;3. 
Define a function f: Z, > Z, x Z; by f([al,) = (a2, [a]3) (see Chapter 4). 


From Chapter 4, recall that [a], is the set of all integers which 
leave a remainder of a on division by 6. So [a], = {..., a-12, a-6, a, 
a+6,a+12, ...}. To show that f is well defined, you must show 
that f({..., a-12, a—6, a,a+6,a+ 12, ...}) is the same whichever ele- 
ment of [a], you begin with. In other words, if a and b leave the 
same remainder on division by 6, then ([a];, [a];) = ([b],, [B],). 


Well defined. Suppose that a, b € Z such that [a], = [b],. Then a = b(mod 6), 
so 6 divides a—b. Therefore, 2 divides a—b and 3 divides a—b, and therefore 
a=b(mod 2) and a=b(mod 3). It follows that [a], = [b], and [a]; = [b]3, so 
([a]>, [a]) = ([bl, (bs). 
Injection. If f(lal,)=f([b].), then ([a],, [als) = ([bl2, [b]3), so [a], =[b], and 
[a], = [b]}. Therefore a=b(mod 2) and a=b(mod 3). Thus 2 divides a—b 
and 3 divides a—b, and so since 2 and 3 are relatively prime, 6 divides a—b. 
Therefore a = b(mod 6) and [a], = [b],. 
Surjection. Z, and Z, x Z; both have six elements, and f is an injection. 
Therefore, from Theorem 26, f is a surjection. 

Finally, for [a], [b], € Ze, 


F (lads + [b]6) = f(la + bls) 
=([a+ bh, [a+b]s) 
=([a). + [bh, [als + [b]s) 
= ([a]z, [a]s) + ((b]2, [b]s) 
= f(La]s)+ f(Lb]e) 


proving that the two groups are isomorphic. ll 


The next theorem shows that any two cyclic groups with the same 
order are isomorphic. 
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Theorem 35 


1. Every infinite cyclic group is isomorphic to (Z, +). 


2. Every cyclic group of finite order n is isomorphic to (Z,,, +). 


WwW 


Proof 


1. Let A be an infinite cyclic group, and let a be a generator for A. Define 
fiZoA by fi =a". 
Surjection. Every element of A is a power of a. 
Injection. If f(r) = f(s), then a’ = a’, which, by Theorem 17, part 1, gives 
r=s. Therefore f is an injection. 

Finally f(r + s) =a’ =a'a’ = f(”)f(s). So fis an isomorphism. 

2. Let A be a finite cyclic group of order n and let a be a generator for A. 

Define f: Z,, > A by f([r]) = 4". 


Well defined. If [r] = [s], then r = s (mod n), so a" =a’, by Theorem 17, part 2. 

Surjection. As every element in A is a power of a, fis a surjection. 

Injection. By Theorem 26, since |Z,,| = |A| and fis a surjection, fis an injection. 
Finally, f([r] + [s]) =f([r + s]) =a" = a’as = f([r))f([s]). Therefore f is an isomor- 

phism. m 


To show that this function is well defined, you must show that if [7] = [s] 
then f([r]) = f([s}), that is, a” =a’. 


Theorem 35 shows that all cyclic groups of a given order are isomorphic 
to each other. This is often described by saying that there is only one cyclic 
group of a given order, up to isomorphism. In this sense you can talk about 
“the” infinite cyclic group and “the” finite cyclic group of order n. 

In this book, the notation Z will be used for the general infinite cyclic 
group as well as for the specific group of integers under addition. Similarly, 
the notation Z,, will be used for the general cyclic group of order n as well as 
for the specific group of residue classes of integers modulo n under addition. 
Occasionally, and especially in Chapter 15, where there are explicit calcu- 
lations carried out in groups written in multiplicative notation, the cyclic 
group of order n will be denoted by C,, = {e, a, a2, ..., a"~}}. 


11.4 Proving Two Groups Are Not Isomorphic 


If two groups G and H do not have the same order, that is, the same number 
of elements, then there cannot be a bijection between them, so the groups 
will not be isomorphic. 
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If there is a bijection between the groups G and H, then you have to look for 
something different about their algebraic structures. One good place to look 
is at the number of solutions of x” = e, where n is fixed, in each of G and H. If 
these two numbers are different, then G and H are not isomorphic. 

To see why this is so, let f, GH be an isomorphism. Writing 
T(G)={xe G: x"=ec} and T(H)={xe H: x"=e,}, suppose that x € T(G). 

n times 
Then (f(x))”" = f(x)... f(x) = f(x") = flec)=en, so f(x) T(H). Therefore 
f(T(G)) <TH). 
Suppose now that h € T(H). Since. fis a bijection, h is the image of some ele- 


_ 

ment g € G. Then ey =h" = f(g)... f(g) = f(g"), showing that e,, is the image 
of g"e G. But, since f is a bijection, e,, is the image of just one element in 
G, and, by Theorem 34, e; is the image of eg. Therefore g” =e, so g € T(G). 
Therefore T(H) c f(T(G)). 

Therefore f(T(G)) c T(H) and T(H) c AT(G)), so f(T(G)) = TA). 

It follows from this that the groups (C*, x) and (R*, x) are not isomorphic. 
The identity is 1 in both groups. However, there are four solutions to the 
equation x*= 1 in C, but only two in R. 


11.5 Finite Abelian Groups 


It is now possible to prove some results about finite abelian groups. 


Definition 


Let A be an abelian group. A subset S = {a,, a5, ..., a,} of A is said to be a 
generating set for A if every element of A is a product of elements of S. 


Since A is abelian, it follows immediately from this definition that every 
element of A will be of the form @,"42”,..., 4" where 11, 1p, ..., 7, € Z. 


This follows because, as A is abelian, you can regroup any product such 
AS 44740)000,0, in the form ajaza3. 


You can write A= @, ay, ..., 4,), or A =(S), to show that A is generated by 
S = {a,, Md, ..., a,}. This is an obvious extension of the ( ) notation which first 
arose in Section 6.4, after Theorem 21. A generating set S is a minimal gener- 
ating set if there is no proper subset of S which is also a generating set for A. 
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Theorem 36 


Let A be a finite group in which every element (other than the identity) has 
order 2, and let {a,, ay, ..., a,} be a minimal generating set for A. Then 


1. A is abelian 


2. Every element of A can be written uniquely in the form aj'a3 ...a;", 


where, for each i= 1, 2,...,, €;=0or 1. 


Proof 


1. Leta, be A. As every element of A other than the identity e has order 
2, every element x of G satisfies x? = e. So abab = (ab) = e and it follows 
from this that ba=a"b". But also a*=e and b?=e. Therefore a!=a 
and b1 =b, and so ab =a"b" = ba. Thus A is abelian. 

2. Existence. By Theorem 17, part 2, for each i, every power of a; is equal 

to e or a; Therefore, as {a,, a, ..., a,} is a generating set for A, every 
element of A is of the form 4a, ... a," where, for eachi = 1, 2,...,, 
€;=Oorl. 
Uniqueness. Let x be an element of A and suppose that x can be 
expressed in two ways, @:%a.? ...a)% =x=a;"ay® ...a,°", where 
for each i=1, 2, ..., n, €; and 6; are 0 or 1. Suppose that it is not 
the case that ¢;=6; for all 1=1, 2, ..., n, and let r be the least value 
of i such that ¢,46, Then a)%a.% ...4,49 =a%ay® ...4,47", and 
it follows that a,“ ...a,° =a,” ...a,% where e¢,#6, Therefore 
a (a,% : SG ane (aia jig” i‘ 

But a,“(a,*) =a,%a,-% =a,*-% =a,, because e,— 6,#0 and each 
of ¢, and 6, is equal to 0 or 1. Therefore a, can be written as a product 
of powers of the elements a, with i#r and hence S = {ay ..., As) Gay 
..., a,} is a generating set for A. This contradicts the fact that S = {a,, 
A>, ..., a,} is aminimal generating set for A. 

Therefore ¢;= 6; for alli=1,2,...,1. 


As each of the exponents ¢; is either 0 or 1, it follows that the number 
of elements of A is equal to 2”. Recall that in question 10 of Exercise 2 
you were asked to prove that a set of n elements had 2” subsets. As 
each expression of the form ai7a2° ...an™ specifies a unique subset of 
{41, 45, ..., Ay}; namely the subset consisting of the a; for which e; = 1 there 
is a bijection f: {B: B C {a,, dy, ..., a,}} > A given by f(B) = product of the 
elements of B. 


Theorem 37 


Let A be a finite group in which every element other than the identity has 
order 2. Then A = Z, x --- x Z,, the direct product of n copies of Z). 
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Proof 


Let A = {a1, dy, ...,a,,} be a minimal generating set for A, and D = Z, x Z, x +++ X Zp. 
Define the function fi: D > A by f(([n], [nl,..., [m])) = ata? ... ar. 
Well defined. If ([ry], [ral, .-., [n) = (sil, [Sol, --- [s,]), then r;=s; (mod 2) for 
alli=1, 2, ...,n, so a =a;' for all i=1, 2, ...,n by Theorem 17, part 2, and 
ajay ...a)' =ayay ... ay. 
Surjection. Every element of A is of the form @,"4y” ...a,"", aS {@,, My, ..., a,} is a 
generating set for A. 
Injection. As D and A have the same number of elements, namely 2", and f is 
surjective, it follows from Theorem 26 that f is injective. 

Finally, 


f((nl tel, ..-, Tal) + (si, [se], 7 [$n ])) 
= f((In+ sil, [2 +82], ..., [tm + Sn) 
Sa ag sn a 

= A 0, Ay” Ay”... Ay Ay 

= (a:"a2” tein” )(a%a.” es a," ) 


= f(nl, [ra], teey [r])) f (Ls, [so], seey [s,])). 


Therefore f is an isomorphism. 


Notice that the proof of this theorem has a very similar structure to the 
proof of Theorem 35, part 2. 


This result is a particular case of a more general theorem about finite 
abelian groups. We shall state this more general result without proof. 

We know, from Theorem 5, that a given positive integer can be written 
uniquely as a product of powers of distinct prime numbers 11 = p,"p2” ... Pk, 
but there may be several different-looking factorizations if you allow p;= p; 
for various distinct is and js. 

For example, 360 = 2° x 3? x 5. There is only one factorization as powers of 
the distinct primes 2, 3, and 5, but, allowing for repetitions, there are six fac- 
torizations in all: 


360 =2°x3?x5 
=2°?x3x3x5 
=2x2?x3?x5 
=2x2?x3x3x5 
=2x2x2x3?x5 
=2x2x2x3x3x5 
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Theorem 38 says that for all such different factorizations of n, no two of the 
groups G= Zin x Zp XX Zo are isomorphic to each other and that every 
abelian group of order n is isomorphic to one of these groups. 


Theorem 38 


Let G be a finite abelian group. Then G= Zn XZn XX Z ny where the 
p; are primes, not necessarily distinct. This direct product of cyclic groups 
which have orders that are powers of primes, and which is isomorphic to G, 
is unique except for a rearrangement of the factors. 


EXAMPLE 11.5.1 


Consider the abelian groups of order 8. The prime power factorizations 
of 8 are 8=2X2xX2=2x2?=23. Theorem 38 says that G = Z, x Z, x Zy, 
G=Z, x Z, or G= Zz, and that these groups are different, that is, no two 
of them are isomorphic. 


EXAMPLE 11.5.2 


Consider the abelian groups of order 12. The prime power factorizations 
of 12 are 12=2x2x3=2?x3. Theorem 38 says that G = Z, x Z, x Z; or 
G=Z, x Z, and that these two groups are not isomorphic. 


EXAMPLE 11.5.3 
Here are the abelian groups of order 360: 


Z3 X Zo XZ5 

Zs X Z3 X Z3 X Zs 

Z. XZ4 X Zo X Zs 

Zy xX Z4XZ3XZ3 X Zs 

ZX ZX Zp X Lo X Z5 

Zy X Zo X Zy X Z3 X Z3 X Zs 


To see the connection between Theorems 37 and 38, look at the 
orders of elements. If G = H x Z,, then G has an element of order d, 
namely (;, [1],). So if all the elements of G other than the identity 
have order 2, then none of the Z,’ factors can have p" greater than 
2. So they are all Z,. 


Now, from a generalization of Example 11.3.1, namely that if m and n are 
relatively prime then Z,, x Z,, = Z,,,, by grouping various factors, you can 
prove Theorem 39. 


mn 
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In Exercise 11, question 10, you are asked to prove that Z,, X Z,, = Zp, 
and a proof of this result appears in the answers. 


Theorem 39 


Let G be a finite abelian group. Then G = Zz, X Zy, X---X Zq, where d; divides 
d.,, for each i=1,2,...,n—1. The numbers d,, dy, ..., d,, are unique. 


EXAMPLE 11.5.4 


Theorem 39 says that the two groups of order 12 identified in Example 
11.5.2 can be written as G=Z, x Z, xX Z,;=Z, x Z,and G=Z,x Z,;=Zy. 


EXAMPLE 11.5.5 
Return to the abelian groups of order 360 in Example 11.5.3. 


You can see from the patterns of the factors on the right side of the 
double lines (below) how the direct products on the left side arise: 


Zs X Zo X Zs = Z69||2° 
37 
5 
Zs XZ3 X Z3 X Zs = Zs X Zy29//2° 


Z. XZ X Zo X Zs = Z> X Zig9||2? x2 


Z. XZ4XZ3XZ3 XZ5 = Zo X Zo)22 «2 


Zo X Zp X Zo X Zo XZ5 = Zo X Zo X Zoo ||2 X 2X 2 


Z, XZ, XZ, XZ; XZ; X Zs = LZ. X Le X Z39||2X2*2 
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Groups such as Z, X Zo) are not of the form of those in Theorem 39, since 4 
does not divide 90, but it is not lost! In fact Z, X Zo is the third group above, 
and Z, X Zo = Z, X Ligo- 

Theorems 38 and 39, separately or together, are often referred to as The 
Fundamental Theorem of Finite Abelian Groups. 


What You Should Know 


¢ What it means for two groups to be isomorphic. 

¢ How to determine whether two groups are isomorphic. 

¢ How to determine whether two groups are not isomorphic. 
¢ How to find all the finite abelian groups of a given order. 


EXERCISE 11 
1. Determine whether or not Z, x Z, = Z,. Justify your answer. 


2. Determine whether or not Z,xZ,=V. Justify your answer. 
(The group V was introduced in Exercise 5, question 4.) 


ies) 


. In the proof in Example 11.3.1 that Z, x Z;=Z,, how many other 
isomorphisms could have been produced? 

4. Let G be a group, and let g be a fixed element of G. Prove that the 
function f: G > G defined by f(x) = g-!xg is an isomorphism from G 
onto itself. 

. Let G and H be groups, and let ge Gandhe H. Let f: G— H be an 
isomorphism and let f(g) =h. Prove that if g has order n, then h has 
order n. 


Ol 


6. Prove that the group (R, +) is isomorphic to the group (R*, x). 
(Hint: use the function f(x) = e*.) 

7. Prove that the groups Z and 3Z under addition are isomorphic. 

8. Prove that an abelian group cannot be isomorphic to a non-abelian 
group. 

9. Prove that if G and H are groups then Gx H=HxG., 

10. Generalize the proof in Example 11.3.1 to prove that if m and n are 

relatively prime, then Z,, X Z,, = Zyj,. 


n= 


— 


1. Let the positive integers m and n be relatively prime. Use the result 
of question 10, and in particular the surjectivity of the function 
fi Zim 2 Z,, x Z, defined by fla) in) = (an, [a],), to prove that, for any 
integers a and b, the equations x = a(mod m) and x = b(mod n) can be 
solved simultaneously. 
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This result is usually called the Chinese Remainder Theorem. 


12. Prove that if two groups G and G’ are isomorphic and H is a 
subgroup of G, then the image of H under an isomorphism f: G > G’ 
is a subgroup of G’. 


13. Prove that if G is cyclic, and G =H, then H is cyclic. 


Exercises 14 through 19 are related in sequence and should be 
tackled together. 


14. Let Gbea group. Let A denote the set of isomorphisms G —> G. Prove 
that A with the operation of composition of functions is a group. 


The group A of Exercise 14 is called the group of automor- 
phisms of G, and written as Aut(G). 


15. Let G be an abelian group and let s be an integer. Prove that the func- 
tion f: A > A defined by f(x) = x°, satisfies f(xy) = f(of(y). 

16. Lets € Z. Define f: Z — Z x Z by f(a) = sa, for all integers a. Prove that 
fis an isomorphism if, and only if, s = +1. 

17. Let s be an integer. Define f: Z,, > Z,, by f([a]) = [sa], for [a] € Z,,. Prove 
that fis an isomorphism if, and only if, s and 1 are relatively prime. 

18. Prove that Aut (Z, +) = Z,. 


19. Let U,, = {[s] € Z,: s and n relatively prime}. Prove that U,, is a group 
under multiplication, and that Aut (Z,,, +) = U,,. (Hint: the fact that 
U,, is a group is a generalization of Theorem 13.) 


20. Find all the abelian groups of order 18. 
21. Find all the abelian groups of order 36. 
22. Find all the abelian groups of order 180. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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Permutations 


12.1 Introduction 


Suppose that you have a set of four distinct objects. A permutation of these 
objects is a rearrangement of them among themselves. Thus if the objects are 
red, white, blue, and green counters, then you could permute them by replac- 
ing the green counter by the blue one, and vice versa. Or you could replace 
blue by green, red by blue, and green by red. Both of these are examples of 
permutations. In practice, it is more convenient to label the four objects 1, 2, 
3, and 4. Then the permutation which interchanges blue and green would be 
“replace 1, 2, 3, 4 by 1, 2, 4, 3.” This permutation is called 


to show that 4 replaces 3 and 3 replaces 4. Similarly, the permutation which 
replaces 1, 2, 3, 4 by 3, 2, 4, 1 is called 


showing that 3 replaces 1, 4 replaces 3, and 1 replaces 4. 
Note that the original order 1, 2, 3, 4 is not important. The permutation 


4 2 1 3 
3 2 1 4 


means the same as 


105 
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both of them show that 4 replaces 3 and 3 replaces 4. Similarly, 
1 2 3 4 
ae 
4-2 of 3 
2 Br ay 
and 


are identical permutations. 
If the permutation 


is followed by 


a 
WoO rR 
NON 
Be OW 
Pp 
wo, 


then the effect is the permutation 


1 2 3 4 
3 1 4) 


It can be useful to consider the two permutations in the product “above” 
one another in the form 


N 


1 2. 3 4 
1 2 4 3 
2 1 4 


The first two rows show the effect of the first permutation, while the sec- 
ond two rows show the effect of the second permutation. The result of the 
first permutation followed by the second permutation is the permutation 
formed by taking the first and last rows, namely 


Permutations 107 


showing that 3 replaces 1 and 1 replaces 3. 


12.2 Another Look at Permutations 


You can think of the ideas in Section 12.1 in a different way. Let A be the set 
{1, 2, 3, 4}. Then the permutation 


(a) 


wo PB NY 


1 
2 
3 
4 
FIGURE 12.1 
(a and b) A permutation as a function. 
In the same way, Figure 12.1b shows the effect of the permutation 
1 2 3 4 
3 2 4 1) 
This leads to the following definition. 
Definition 


A permutation of a set A is a bijection from A to A 


Looking at it this way, you can see that the method of combining per- 
mutations described in Section 12.1 is nothing more than the compo- 
sition of functions. 


For example, returning to the case when A = {1, 2, 3, 4}, for the permutation 
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followed by 


you could draw the diagram in Figure 12.2. 
i> 153 
23> 2-52 
34-51 
44> 35 4 


FIGURE 12.2 
Composition of permutations. 


This leads, as before, to the permutation 
1 2 3 4 
3 2 1 4S 


You may think that it is easier to think of a permutation as a function, 
and use the notation of Figure 12.2, than to use the bracket notation. 
You may be right, but the bracket notation is traditional, and a little 
reflection should convince you that they are equivalent. Moreover, the 
bracket notation saves space on the page. 


It follows immediately from Theorem 33 that the set S, of permutations of 
a set A under the operation of composition of functions is a group. 

In the particular case when A is the finite set {1, 2, ..., n}, the group of 
all permutations of A is called the symmetric group of degree n, and is 
written S,,. 


12.3 Practice at Working with Permutations 


EXAMPLE 12.3.1 
Calculate the result of the permutation 


Permutations 


on three elements followed by the permutation 


To do this you need to “chase” each element through both 
permutations. 


In the first permutation 1 — 2, and in the second, 2 — 1, so combining 
the two permutations gives 1 > 1. Similarly, 2>3—2 and 3>1-3. 
So the combined permutation is 


This is the identity permutation, in which each element is mapped to 
itself. Note also that the permutations 


1 2 3 
2 32 1 


and 


are inverse. 


The word “inverse” is used in two senses here, and these two 
senses coincide. The two permutations, which are bijections, are 
inverse bijections. And each of them is also the inverse element of 
the other in the group sense of the word inverse. 


EXAMPLE 12.3.2 
Let 


and 


109 


110 Discovering Group Theory 


Calculate xy and yx. 


Notice how the use of product notation has been slipped into 
permutations. 


As usual xy means permutation y followed by permutation x. 


This notation is consistent with the notation for functions 


(fg)(a) = flg(@)). 


Chasing through the elements again, for the permutation xy, 1 > 2 > 1, 
233235,33474,435-2, and 5 41-3. The permutation xy is 


given by 
12 3 4 5 
xy = ; 
15 4 2 3 
Similarly, the permutation 
1 2 3 5 
Yx = 
4 2 1 5 3 


Note that for permutations xy is not generally equal to yx. 


EXAMPLE 12.3.3 
Let 


Find the permutation x1. 
You could do this in one of the two ways. You might note that 


and then rearrange the elements in the top row so that they come in the 
conventional order, at the same time moving the bottom row in a cor- 
responding way. Thus 
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On the other hand, you could chase elements. Starting with 1, since x 
takes 1 > 3, x! takes 3 — 1. So x" starts 


And so on until 
4 f1 2 3 4 5 
x = : 
2 5 1 4 38 


EXAMPLE 12.3.4 


Write out a multiplication table for S3. 

The possible permutations in 5, are given by six possible ways of 
ordering the numbers a, b, and c as 1, 2, and 3 in the second row of the 
permutation 


They are therefore the following six permutations: 


1 2 3 tT 2. 3 jibe 
e= T= T= 
1 2 3 2 3 #1 3 


PN 
N Ww 
Bet 


R 
| 
aaa 
RoR 
wn 
N Ww 
MY 
< 
Il 
wor 
N N 
RP Ww 
ee, 
N 
Il 
aa 
Ny eR 
PN 
wo w 
ee 4 


The group table for S; is shown in Figure 12.3. 
If you compare the group table in Figure 12.3 with the table for D; in 
Example 5.2.2 you will see that they are same, with 


rr 
S 
RS 


mH Oo 
x OR 
a 
N©ON 


This shows that the two groups S, and D, are isomorphic. 


This method of showing that S, and D, are isomorphic is entirely 
valid, but does not generalize easily to other symmetry groups. 
Here is a more constructive way of showing the isomorphism. 
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e r or xy Zz 
e e fe oe x y Zz 
r i e 2 £& 
ro |e e r y Z x 
x e Y Zz e a 
y | y 2 6 e r 
Z Zz x y ror e 

FIGURE 12.3 

The group S;. 


Consider D,, the group of symmetries of an equilateral triangle T. Let 
g € D3. Then the image under ¢ of each vertex of T is another vertex, and 
g maps the set of vertices bijectively to itself. Label the vertices of T with 
the integers 1, 2, and 3, and let f(#) be the permutation: 


o-( 2 | 
KA=| aay 42) aay} 


Then fis a function D; > S3. 
Injection. For @ and we D;, if fd) = f(y), then 


1 2 3 }{ 1 2 3 
Al) &2) &3)) \vD v2) w3)/’ 


so £(1) = WI), 2) = y2), and 4) = y(3). Therefore ¢=y, so f is an 
injection. 

As D, and S$; both have six elements, it follows from Theorem 26 that 
fis bijective. 

Now, f(¢) can be written in the form 


Kl )-| a b Cc ) 
=| Wa) db) ao) 


where 4, b, and c are the integers 1, 2, and 3 in any order. In particular, if 
yis any element of D,, 


Wl) V2) W3) } 


f = gory Av2)) Ky) 
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Therefore, 


(wW v2 w3\t 2. 3 


1 2 3 
Pen Ay(2)) aay LP) 
Therefore, f is an isomorphism. 


EXAMPLE 12.3.5 


Find the order of the element 


1 2 3 4 5 6 fs 
w=le. 2 oO a Ge, Bi 
The order of an element x is the smallest positive integer k such that 
x* = e. Considering in turn the powers of x you find 


6 5 
,fi 2 8 45 6) . ff 2 3 4 5 6) , 
c= Pe a oe Se 
3 12 4 5 6 23 14 6 5 
thietheodendies| hae 
us the order 0. P= 2 4 é 5 1s 


12.4 Even and Odd Permutations 


The section that follows show that permutations can be divided into 


two types, which will be called even and odd. There is a fair amount of 
preparatory work. 


Let x be a permutation of {1, 2, ..., n}. Then consider the number of pairs of 
elements for which the order is reversed by x. That is, find N(x) = the number 
of elements in the set {(i, /): i<j and x(i) > x(/)}. 

For example, in S;, let 
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Then since the pair (1, 2) becomes (3, 5), and as 3 <5, the pair (1, 2) is not 
reversed by x. On the other hand (2, 3) becomes (5, 2), and since 5 > 2, the pair 
(2, 3) is reversed by x. In fact the pairs (1, 3), (1, 4), (2, 3), (2, 4), (2,5), and (3, 4) 
are all reversed by x and none of the other 4 pairs are reversed by x. This 


shows that N(x) = 6 or 


In this case, the pairs (1, 2), (1, 5), (3, 4), (3, 5), and (4, 5) are the only ones to 


be reversed, showing that N(y) =5. 
Finally consider the product 


The reversed pairs are (1, 2), (1, 3), (1, 4), (1, 5), and (2, 3) and N(yx) = 5. 
Note that N(x) is even, N(y) is odd, and N(yx) is odd. 


This is an example of a general result about permutations, which can be 
summarized informally by the table in Figure 12.4. 


N(x) N\y) 


Even Even 
Even Odd 
Odd Even 
Odd Odd 


FIGURE 12.4 


Summary of reversals in products of permutations. 


N(zxy) 
Even 
Odd 
Odd 


Even 


Here is a proof of the result shown informally in the table. 
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Theorem 40 


For any pair of permutations x and y of S,, (-1)NW) = (AL)NUHNO, 


Proof 


Suppose that there are M pairs in all. 

Consider the pairs which are reversed by x. There are N(x) of them. When 
y acts on the results of x, some of them, say k, will be reversed back, while the 
others, N(x) — k of them, will remain reversed. 

Now consider the remainder of the original M pairs which are not reversed 
by x. There are M — N(x) of these. When y acts on the results of x, N(y) — k of 
them will become reversed, and the remainder, M — N(x) — (N(y) — k) of them, 
will remain unreversed. 

Counting the contributions to the total of the reverses under yx gives 
N(x) —k of the first type, and N(y) — k of the second. The total, N(yx), is there- 
fore given by N(yx) = N(x) + N(y) — 2k. Thus (-1)N™ = (-1)NY+N@, 


This justifies the results given in Figure 12.4. 
Definition 
Suppose that x € S,, the group of permutations on 1 symbols. Then x is an 


even permutation if N(x) is even, and x is an odd permutation if N(x) is odd. 


Thus the set of permutations is divided into even permutations and odd 
permutations. 


Suppose that you have a permutation 


_ 1 2 a n 
aes x2). ve 


Then if you draw a line from each number in the top row to where that 
number appears in the bottom row, it will turn out that N(x) = the number of 
intersections. 

For example, consider the permutation 
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FIGURE 12.5 
Crossings of a permutation. 


Then Figure 12.5 shows the lines with three intersections. The claim is that 
N(x) =3. 
Theorem 41 justifies this claim. 


Theorem 41 


Let 


nie: 2 eh n 
** lx) x(2) we x(n) 
be a permutation on 1 symbols. Then N(x) = the number of intersections of 


lines drawn from each number in the top row to where that number appears 
in the bottom row. 


Proof 


The elements of the first row are exactly the same as the elements of the sec- 
ond row. But in the first row, the elements are in numerical order. 

Suppose that 7 <j. Then x() will appear to the left of x(j) in the second row 
of the permutation x. 

Now suppose first that x(i) < x(j). Then x({) will also appear to the left of x(/) 
in the first row of the permutation x, as in Figure 12.6. 


eee eee x(i) eee x(j) eee 
x= a ae 
eee x(i) eee eee eee x(j) 


FIGURE 12.6 
A pair not reversed by a permutation. 


Remember, the numbers 1,2,..., 1 in the first row are also the numbers 
x(1), x(2), ..., x(n) in some order. 
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Now suppose that x(/) > x(j). Then x(i) will appear to the right of x(j) in the 
first row of the permutation x, as in Figure 12.7. 


FIGURE 12.7 
A pair reversed by a permutation. 


There are n lines, one for each i, or, if you prefer, one for each x(i) and each 
intersection of two of these lines corresponds to a reversal i < j: x(i) > x(j). 

More precisely, there is a one-to-one correspondence between the set of 
intersections of lines and the set of pairs {(i, j): i<j and x() > x(j)}. Therefore, 
N(x) is the number of intersections. 


EXAMPLE 12.4.1 
For the permutation 


six of the ten pairs of lines are intersecting, and four are nonintersecting. 
Figure 12.8 shows an intersecting pair and a nonintersecting pair and 
Figure 12.9 shows all the intersections. 


1 x(3) = 2 3 4 x(2)=5 
x= See (2, 3) is reversed by x 
3 5 2 1 4 


1 2 x(1)=3 (5) =4 5 
x= ee Tt, (1, 5) is not reversed by x 
3 5 2 1 4 


FIGURE 12.8 
Showing reversed and non-reversed crossings. 


118 Discovering Group Theory 


FIGURE 12.9 
Showing all the crossings of a permutation. 


It follows that N(x) = 6 and x is an even permutation. 


This theme will be put on one side for the moment, while a new 
notation for writing permutations is introduced. 


12.5 Cycles 


Cycle notation is an alternative, shorter notation, which is often used for per- 
mutations of finite sets. 
The permutation 


is a cycle of length n. This is shown in Figure 12.10, where each number is 
mapped by the permutation into the number that is one place further round 
the circle anticlockwise. 


ay 


a 


FIGURE 12.10 
Cycle notation. 
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The cycle 


is written as (4,44; ... a,) which means, reading from the left, that a, — a), 
Ay — Az, A, — a4, and so on, finishing with the understanding that a, > a. 


Note that if you talk about the cycle (12478635), there is no indication 
whether this comes from Ss, or possibly So, 55, or S,, for any other n 2 8. 
If this is likely to cause confusion, then you have to make the underlying 
set clear. Any number not mentioned in the cycle remains unchanged. 


EXAMPLE 12.5.1 
Consider (124) € S, so 


12 3 4 5 6 
(124)=|, 4 } 


Consider also (1256) € S,. 
Then the product 


ow 
RP 
o1 
ion 


12 3 4 5 6 
(1256)(124) = 
5 43 2 61 


Similarly 


o1 
w 
a 
ion 
N 


(124)(1256) = b 


Notice that these two results are different, so the cycles (124) and (1256) 
do not commute. 


EXAMPLE 12.5.2 
Consider (14) € S, and (235) € S,;. Then the permutations (14)(235) and 
(235)(14) are given by 


1 4 
aajaas)=({ 3 5 1 2 6 


and 


12 3 4 5 6 
easyasy=[) 4 68 4-2 4 


The difference between Examples 12.5.1 and 12.5.2 is that in Example 12.5.2 
the cycles (14) and (235) have no numbers in common, whereas (124) and 
(1256) have numbers in common. 
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In general, the cycles in a collection of cycles are said to be disjoint if no 
number in them is repeated. 

Disjoint cycles always commute with each other because they operate on 
disjoint subsets of the set {1, 2, 3, ..., n}. 

Here is an example to show you how to write a permutation as a product 
of disjoint cycles. 

To write the permutation 


LoS 45 6 2 BS). 
oS £2 :o a Fe Se Be Ble 


as a product of disjoint cycles, start with 1, and follow through what hap- 
pens to 1 and its successive images; you find that 1 > 2 > 4-1. So start 
by writing (124). Then take a number not already used, say 3, and follow 
that through. You find that 3 > 5 — 7 > 3, and write (357). Take a number 
not already used, say 6, and you find that 6 — 8 — 6, leading to (68). All the 
numbers are now accounted for. Therefore, 


Saree 


8 
245 1 7 8 3 = |= (1241857968), 


which is a product of disjoint cycles. For the permutation 
12 3 4 5 6 7 8 
24 5 2 7 G&G 8 3; 
the corresponding result would have been 


era e eS 


2 4517 6 8 3 |= 024103578) 


Note the importance of the numbers in the cycles being disjoint. 
These two examples show the way to a general result. 


Theorem 42 


Any permutation of a finite set can be written as a product of disjoint cycles. 
The product is unique up to the order in which the cycles appear, and the 
different ways of writing each cycle. 


This result will not be proved formally. The proof, which is rather 
tedious, essentially follows the method given in the example above. 


EXAMPLE 12.5.3 
Express each of 


(1 2 3 4 5 6 7 8 
cal i: ae a ay ee <= 


x? and x1 as a product of disjoint cycles. 
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Using the method of this section, x = (476)(235). For x?, each number is 
moved by two positions in the cycle for x, so x? = (467)(253). For x, each 
cycle in x must be reversed, so x1 = (467)(253). 

Note that x? = x1, and x3 is the identity permutation. 


12.6 Transpositions 


A transposition is a cycle of length 2. Examples of transpositions are (34) 
and (26). 

Note that (4,4); ... a,) = (@,4,)(@,4,4) ... (443)(4,42), SO every cycle can be 
written as a product of transpositions. 


The easiest way to see this is simply to multiply out the right-hand 
side and see the pattern of what is happening. If you want a formal 
proof of the result you would need to use the principle of mathematical 
induction. 


It follows that every permutation can be written as the product of transpo- 
sitions. First write the permutation as the product of cycles, and then as the 
product of transpositions. 

To illustrate this, in Example 12.5.3, x = (476)(235); as products of transposi- 
tions, (476) = (46)(47) and (235) = (25)(23); so x = (46)(47)(25)(23). 

Notice that this is not a unique representation. For example, cycle (476) is 
also equal to (74)(76). So x can also be written as x = (74)(76)(25)(23). 

Indeed the representation of a permutation as a product of transpositions 
can never be unique, because (ab)(ba) can be inserted at any point into any 
product, and also, for any transposition (ab), (ab) = (1a)(1b)(1a). 


EXAMPLE 12.6.1 
Express (12)(476)(1235) as a product of transpositions. 


There are two distinct ways you could set about this. You could 
ignore the fact that the original permutation is not a product 
of disjoint cycles, and simply use the result at the beginning 
of this section directly; or you could simplify the permutation 
as a product of disjoint cycles, and then write it as a product of 
transpositions. 
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Using the first method, you get (12)(46)(47)(15)(13)(12). 
Using the second method, (12)(476)(1235) = (476)(235), which leads to 
(12)(476)(1235) = (46)(47)(25)(23). 


EXAMPLE 12.6.2 


Write down the inverse of the permutation (12)(46)(47)(23)(45). 

The inverse of a transposition is itself, so (12) = (12). Using the fact that 
(xy) = y*x1, the inverse of (12)(46)(47)(23)(45) is (45)(23)*(47) (46) 1(12)4, 
which is (45)(23)(47)(46)(12). 

Although the number of transpositions required to write a given 
permutation is not unique, what is true is that each permutation, when 
written as a product of transpositions, will always give an even number 
of transpositions, or will always give an odd number of transpositions. 
This will be proved in Theorem 44. 

It is probably not a surprise to find that transpositions are odd 
permutations. 


Theorem 43 
Transpositions are odd permutations. 


Proof 


Let the transposition t = (ij) € S,, where i<j. Then ¢ interchanges i and j and 
is illustrated in Figure 12.11. 


a er ae 
| {IT ] BCH 
Ten J ee ee 


n 


n 


FIGURE 12.11 
Crossings of a transposition. 


The number of intersections is 2(j —i— 1) + 1, which is odd. m 


Theorem 44 


When an even permutation is written as a product of transpositions, the 
number of transpositions is even, and when an odd permutation is written 
as a product of transpositions, the number of transpositions is odd. 


Proof 

From Theorem 43, for every transposition ¢, (-1)N®=—1. Let xe S, be any 
permutation, and suppose that x is written as the product of k transpositions 
X= bby yeecbyly. 
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Then, from an obvious extension of Theorem 40, 


ei = Le Ne ON END) 


= (-1)%) x (-1)%) Kee X Ep x eye 


k times 
= (DADA 
SG. 


Therefore, if N(x) is even, k is even and if N(x) is odd, k is odd. @ 


12.7 The Alternating Group 


You may now be guessing that the set A,, of even permutations of S, is a 
subgroup of S,. To prove this, suppose that x, y € A,. 

Since each of x and y can be written as a product of an even number of 
transpositions, so can xy, because even + even = even. Thus if x, y € A,, then 
xy é Ay, 

Notice that the identity permutation e involves no reversals, that is, N(e) = 0, 
and is therefore even. 

If x reverses the order of i and j, then x7 reverses the order of x(i) and x(j). 
So the number of pairs reversed by x is equal to the number of pairs reversed 
by x1, that is N(x) = N(x). So, ifxe A,, then xt e€ A,,. 

By Theorem 20, this establishes that A,, is a subgroup of S,,. 


Ww 


Definition 


The subgroup A,, of the group S,, of permutations on n symbols is called the 
alternating group on 1 symbols. 

It should not be a surprise that half the permutations of the group S,, are 
even and half are odd, but to prove it you need to set up a bijection between 
the even permutations and the odd permutations. 

An example of such a bijection is f: A, > (S,, — A,) defined by f(x) = (12)x. It 
is left as an exercise, question 15 in Exercises 12, to prove that f is a bijection. 

Thus A, has 3 elements, and A, has 12 elements. In general A, has +n! 
elements. 

For future reference, Figure 12.12 shows the alternating group A,. 

In Figure 12.12, the elements a = (12)(34), b = (13)(24), and c = (14)(23) are each 
of order 2. The elements x = (234), y = (143), z = (124), and t = (132) each have 
order 3. 
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é& « b € x y» «¢ & # /Y YS 
@|.e a b ¢ # y « ¢ # yf 2& # 
a@\)a@ @¢ € 8 #2 € x» »  # ¥ x 
b|)b c ¢€ @ t¢ #2 y « 9» «& PF @ 


x |x t yy Zz yz e c a b 
y|\y 2« ww € 2 PP PP we @ hb «a 
z\2 y t « 6 2 2 ff @ b @ € 


t|¢t « 2 y y @& 
aa ee Sn a a ee a ek a ee 
yi 2 2 @ bb €¢ @ ¢€¢ © yY & 2 
ole <¢ y Ff © w@w@ @«¢ & y ££ & # 


Pie «ee e© ke & ££ e y F 


FIGURE 12.12 
The alternating group A,. 


What You Should Know 


¢ What a permutation of a set is. 


e The notation for permutations of a finite set, and how to combine 
them. 


e That the permutations of a set form a group. 

e The meaning of “even” and “odd” as applied to permutations. 
¢ How to determine whether a given permutation is even or odd. 
¢ What cycle notation is, and how to use it. 


¢ The meaning of “transposition,” and how to write every permuta- 
tion as a product of transpositions. 

e Each permutation, when written as a product of transpositions, will 
always give an even number of transpositions, or will always give an 
odd number of transpositions. 


¢ The meaning of “alternating group.” 
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EXERCISE 12 
1. The permutations a, b, and c are taken from S;. 


WN Wn 
NY WB & WwW 


Calculate the permutations: ab, ba, ab, ac, (ac), clac. 

2. Using the permutations from question 1, solve for x the equations 
ax = band axb=c. 

3. Using the permutations from question 1, find the number of rever- 
sals in each of a, b, and c. 


4. Let 
ee a ee ee 
Selo. ae BS eS a oo ey ge gL 
Vas Be Sr ae 
co eee a ae, 


Find the number of reversals in each of a, b, and c, and deduce 
whether the number of reversals in each of ab, bc, and ca is even or 
odd. 

5. Use the method of lines drawn from the top row of a permutation 
to the bottom row, as in Theorem 41, to determine whether the 


permutations 
12 3 4 5 
1 3 =5 4 


N 


and 


are even or odd. 
6. Write each of the following permutations in cycle notation, as prod- 
ucts of disjoint cycles: 


1 2 3 4 #5) f1 2 3 4 #5) (1 2 3 4 ~=5 
a” me > em Same ec a ce <2 
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7. Write each of the following products of disjoint cycles in S, in the 
notation used in question 1: 


a. (123)(46) 
b. (12346) 
c. (12)(346) 

8. Write each of the following permutations in S, as a product of dis- 

joint cycles: 
a. (12)(347)(132) 
b. (56)47)(45)(132) 

(34)(143)(43)(132) 
d. (16)(15)(14)(13)(12) 

9. In question 4 of Exercise 5, you were asked to draw up a group table 
for the symmetries of a rectangle which was not a square. Labeling 
the vertices of the rectangle with integers 1, 2, 3, 4 and working as in 
Example 12.3.4 show that this group is isomorphic to the subgroup 
{e, (12)(4), (13)(24), (14)(23)} of S,. Write out the table for this group of 
permutations. 


ie) 


10. The group S, has 24 elements and S; has 6 elements. Investigate 
whether S, = Z, x S; or whether S,= Z, x Z, X Ss. 


11. Prove that the order of a cycle is equal to its length. 


12. Prove that the order of any permutation is equal to the least common 
multiple of the lengths of its component disjoint cycles. (Note that 
this gives a quicker method for finding the order of the element x in 
Example 12.3.5. The element x = (132)(56) and so has order 3 x 2 = 6.) 


13. Prove that every element of S,, can be written as a product of the 
transpositions (12), (13), ..., (17). 


= 


14. Prove that every element of S, can be written as a product of 
(12 ...1—1) and (7 — 1n). 

15. Define fi: A, > S,—-A, by f(x) =(12)x for xe A,. Prove that f is a 
bijection. Hence show that the number of elements in A,, is 5 1!. 


13 


Dihedral Groups 


13.1 Introduction 


In Chapter 5 when you first met the idea of a group, you studied D3, the 
group of symmetries of an equilateral triangle. Then, in question 5 of 
Exercise 10, you showed that for any subset X of A, the set {f € set of bijec- 
tions A > A: f(X) = X} is a subgroup of the group of bijections A > A. 


Recall that f(X) = X is not the same as saying that f(x) =x for all xe X. 
For example, if A = {1, 2, 3}, X = {1, 2}, and fis the transposition (12), then 
f(X) =X but fl) #1 and f(2) #2. 


Definition 


Let A be the real plane. Then for any subset X of A, a distance-preserving 
function f: A > A such that f(X) = X is called a symmetry of X. The symme- 
tries of X form a subgroup of the group of bijections A — A; this is called the 
group of symmetries of X. 


A distance-preserving function has the property that, for every pair of 
points P and Q in the plane, the distance between f(P) and f(Q) is the 
same as the distance between P and Q. Every distance-preserving func- 
tion A > A from the plane to itself is actually a bijection, and the set of 
distance-preserving functions A — A forms a subgroup of the group of 
bijections. Neither of these statements will be proved here. 


Definition 


The group of symmetries of a regular n-sided polygon is called the dihedral 
group D,,. 


127 


128 Discovering Group Theory 


The group D, of symmetries of an equilateral triangle is an example of a 
dihedral group. 


The word “dihedral” means two faced. This counts the front of the reg- 
ular polygon as one face, and the back as the other. 


If X is any polygon and ¢ is asymmetry of X, then the image of each vertex 
of X is another vertex and, since ¢ is a bijection, @ maps the set of vertices 
bijectively onto itself. If X has n vertices 1, 2, ...,n and f(@) is the permutation 


( -| 1 2 a n 
fA= Wl) &2) ... Kn) 


X to S,,. Similar to Example 12.3.4, this function is injective and has the prop- 
erty that, for any two symmetries ¢ and y of X, f@y) = f@)fv). 

Consider D,, the group of symmetries of a square. The symmetries of the 
square in Figure 13.1 are H, V, L, M, R, R?, R°, and I, where 


} then fis a function from the symmetries of 


e Hmeans “reflect in the axis h.” 

e V means “reflect in the axis v.” 

e Lmeans “reflect in the axis 1.” 

¢ Mmeans “reflect in the axis m.” 

¢ Rmeans “rotate by 90° anticlockwise about O.” 

e R* means “rotate by 180° anticlockwise about O.” 
¢ R* means “rotate by 270° anticlockwise about O.” 
¢ I means “do nothing.” 


FIGURE 13.1 
A square, with its axes of symmetry. 


The images of these symmetries under the function f: D, > S, described 
above are f(H) = (14)(23), f(V) = (12)34), f(L) = (13), f(M) = 24), f(R) = 1234), 
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A(R’) = (13)(24), f(R°) = (4321), and fl) =e. These eight permutations form a 
subgroup of S,, and, as in Example 12.3.4, D, is isomorphic to this subgroup 
of S,. Figure 13.2 shows the table for D,. 


I RRRH LVM 
I}l RRRH LVM 
R|R RR IMH OL V 
R2|R2 RB I RV MH OL 
R?/R> I R RL VM H 
H|H LVM IRR R 
LIL VM HRI R R 
VIV MH L RRR 
M|M HL V RRR I 
FIGURE 13.2 
The dihedral group D,. 


To work out the entries quickly, you may find it useful to make a square 
out of card and write 1, 2, 3, 4 on both faces. Alternatively, you can mul- 
tiply the permutations: for example, f(H)f(R) = (14)(23)(1234) = (13) = f(L), 
so HR=L. 


You can see various patterns in this table. For example, the rotations are 
all in the top left and bottom right in the results, and the reflections are in 
the opposite corners. However, this kind of table does not bring out the full 
structure of the dihedral group. 


13.2 Towards a General Notation 


Working out the entries in a dihedral group using this notation is time con- 
suming. It is better to work with one rotation, and one reflection. Suppose 
that a is a rotation through 90° anticlockwise, and that b is any reflection. 
Then a*=b?=e. You can also check from the table in Figure 13.2 that, no 
matter which reflection b you choose, aba = b. In terms of a and b the table of 
Figure 13.2 now becomes Figure 13.3. 

The relations a* = b? = e and aba = b, enable you to carry out any calculation 
in D, without the table. Remember that, in D,, a = a°, so that from aba = b you 
can deduce that ab = ba? and ba =a°b. 
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e a a@ a b_ ba ba ba? 
e|e a a @ b_ ba ba ba 
a\|a a a e ba b_ ba ba 
a | a2 a e a ba ba b_ ba 
a| a e a <a* ba ba* ba b 
b| b ba bd b® ec a a @ 
ba| ba ba® ba b @ e a @& 
ba*| ba ba® b ba a® a e a 
ba?) ba? b ba ba? a a @ e 

FIGURE 13.3 
The dihedral group D,. 
For example, to calculate (ba’)(ba), you say 
(ba’)(ba) = ba(aba) = bab = b(ab) = b(ba*) = a’. 


Similarly (ba)(ba’) = baba? = b(aba)a = b’a =a. 
The group is said to be “generated” by a and b, together with the relations 
a*=b?=e and aba=b. 


EXAMPLE 13.2.1 


Use the relations a* = b? = e and ab = ba? to prove that ab = ba? and a°b = ba. 


In the solution to this example, note how the use of the relation 
enables the b to pass through the as. The solutions are written out 
in more detail than you might want. The second solution uses the 
first result. 


a’b = a(ab) = a(ba*) = (ab)a® = (ba®)a? = b(a°a°) = ba’. 


ab = a(a*b) = a(ba?) = (ab)a* = (ba®)a* = b(a°a’) = ba. 


EXAMPLE 13.2.2 


Find all the subgroups of the dihedral group D,. 

First, there are the trivial subgroups, {e} and D, itself. Then there is the 
subgroup {e, a7}, which you can think of as the half-turn subgroup. The 
subgroup {e, a, a7, a°} completes those that can be made using only e and 
powers of a. 

There are four other subgroups of order 2. They are {e, b}, {e, ba}, {e, ba?}, 
and {e, ba*}. 

Finally, there are the subgroups {e, a’, b, ba?} and {e, a”, ba, ba}. 
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These are all the subgroups of D,, but no proof is given at this 
stage. The subgroups of D,, are the subject of Section 13.4. 


13.3 The General Dihedral Group D,, 


Suppose that A,A,...A, is a regular n-sided polygon. Let a be the symmetry 
operation of rotating A,A,...A,, through 2z/n radians about its center, and let b 
be any reflection in an axis of symmetry. Figure 13.4 shows the case when the 
axis of symmetry of b passes through a vertex of the regular n-sided polygon. 


bel ee 11 
OTN 
<3 


Axis of 
reflection 


FIGURE 13.4 
The axis of symmetry passes through a vertex. 


The elements e, a, a”, ..., a"~+ are all distinct, and b is not equal to any of 
them. Therefore the 2n elements e, a, a2, ..., a"~1, b, ba, ba?, ..., ba"! are all dis- 
tinct. (Gee question 5, Exercise 13.) 

Also the number of elements in D,, is 2n. For whether n is even or odd, 
there are n rotational symmetries. If n is even there are +n axes of reflection 
which do not pass through a vertex, and $n axes which do, that is n axes of 
reflection in all; when n is odd, there are n axes of reflectional symmetry, 
which pass through a vertex and through a mid-point of a side. So, there is 
always a total of 2n symmetries in D,,. 

As the 2n elements e, 4, a”, ..., a", b, ba, ba?, ..., ba" are distinct and D,, has 
no more than 2n elements, D,, = {e, a, a, ..., a", b, ba, ba’, ..., ba". This gener- 
alizes the particular case results of D, and D,. 

From Figure 13.4 you can see that aba = b. You can also check that aba = b for 
the case when the axis of symmetry passes through the mid-point of a side 
and does not pass through a vertex. 

So for the dihedral group D,, you now have a"=b?=e and aba=b. This 
enables you to prove, by induction on i, that a'ba' = b for all i, which enables 
you to do calculations in D,,. For example, in D,, to find (ba‘)(ba°), you write 


(ba*)(ba°) = ba*ba? = b(a*ba*)a = b(b)a = b’a =a 
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13.4 Subgroups of Dihedral Groups 


EXAMPLE 13.4.1 


Find the subgroups of D,). 

Figure 13.5 shows a regular dodecagon, with its two inscribed regular 
hexagons, its three inscribed squares, and its four inscribed equilateral 
triangles. 


FIGURE 13.5 
Various regular polygons in a regular dodecahedron. 


For each of these inscribed regular polygons, its group of symmetries 
is a subgroup of D,,. Moreover, these subgroups are all different. 

For consider two of the squares shown in Figure 13.6, with vertices 
numbered 1, 4, 7, 10 and 2, 5, 8, 11. 


1 2 1 3 
12 3 D2 
11 4 11 4 
10 5 10 5 
) 6 V3<7 
8 7 8 7 


FIGURE 13.6 
Squares in a regular dodecahedron. 


If L is the reflection in the axis through points 1 and 7, and M is the 
reflection in the axis through points 2 and 8, L is a symmetry of the 
square 1, 4, 7, 10 but not of square 2, 5, 8, 11, and vice versa for M. 

So inside D, there are two copies of D,, three copies of D,, and four 
copies of D,. There are also six copies of D,, one for each pair of orthogo- 
nal axes. Each of these D,s is of the form {I, L, M, LM} where L, M are the 
reflections, and LM is a rotation through 180°. 

There are also 12 copies of D,. Each of these is a subgroup of order 2 
consisting of I together with one of the 12 reflections. 
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In addition to these 28 dihedral subgroups of D, (27 plus D,, itself), 
there are also subgroups consisting of rotations only. 
There are six of these: 


The group consisting of the rotations of multiples of EM. . There are 
12 such rotations. This group is isomorphic to Z,p. 

The group consisting of all those rotations which are symmetries 
of one, and hence all, the inscribed hexagons, that is, the rota- 
tions of multiples of 52. This group is isomorphic to Z,. 

The group consisting of all those rotations which are symmetries 
of one, and hence all, the inscribed squares, that is, the rotations 
of multiples of 4+. This group is isomorphic to Z,. 

The group consisting of all those rotations which are symmetries 
of one, and hence all, the inscribed equilateral triangles, that is, 
the rotations of multiples of 2 . This group is isomorphic to Z;3. 

The group {I, P}, where P is the rotation of z. 

The identity subgroup {I}. 


These subgroups completely describe all the subgroups of D,, but a 
proof that there are no other subgroups of D,, is not available until after 
Theorem 47 (in Chapter 14), which states that, for a finite group, the order 
of a subgroup must divide the order of the group. 


EXAMPLE 13.4.2 


The particular case that was discussed in Example 13.4.1 should enable 
you to follow the general case of subgroups of the dihedral group D,,. 
The results are given without proof: 


D, ={e, a, a’,...,a"", b, ba, ba’,..., ba}. 


Again, there are cyclic subgroups and dihedral subgroups. Each of the 
subgroups of {e, a, a”, ...,a"} is a subgroup of D,,, and, by Theorem 23, all 
of these are cyclic. Looking ahead to Theorem 51, for every divisor d of 
n, there is exactly one cyclic group of order d, namely, {e, a°, a’, ..., a}, 
where s =1n/d. 

For each divisor d of n, there are also n/d dihedral subgroups of D,, 
these being 


{e, WM jc geet U{b, ba’, ba®*,..., bal}, 


2s d-1)s 1 2s+1 d-1)s+1 
{e,a, a pee al tb fba, ba, ba ss RO a \ 


: a-1 2 is z . 
{e, a’, a*,..., a! bu fba’ 1 pas, ba®*1,..., ba® ule 


So, for each divisor d of n, there is one cyclic subgroup and n/d dihe- 
dral subgroups of D,,. 
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Are there any other subgroups of D,,? 

Suppose that A is a subgroup of D,,. Write C,, = {e, 4, a7, ..., a"). If A € C,, 
then, by Theorem 23, A is cyclic. 

IfA ¢ C,, then ba” e A for some m. Let B= A 1 C,. Then B is a subgroup 
of C,, so B is cyclic; therefore B = {e, a’, a8, ..., a5} for some s, d with 
sd =n, looking forward again to Theorem 51. 

Then you can show, see Exercise 13, question 7, that 


A= {e, a’, a ive gts} U {ba", ba"*’, ba™*?s, or ba (eds 


This is one of the groups listed above, which shows that A is one of the 
n/d dihedral subgroups of D,,. 


= | 
What You Should Know 


¢ The properties of D,, and how to carry out calculations in it. 


EXERCISE 13 


1. With the notation of Section 13.3, verify that aba = b when the axis 
of reflection of the regular n-sided polygon passes through the mid- 
point of a side. Use the relation aba=b to show that (ba)* =e, and 
prove more generally that (ba‘)? =e for i=0,1,...,n—1. 

2. Carry out the following calculations in D,, giving your answers in 
the form bia, where i € {0, 1} andje {0,1,...,m— 1}. 


a. a(ba) 

b. at 

c. (bay 

d. babtd 
e. (ba)(ba’). 


3. Prove that, in D,,, a‘b = ba" fori ce {1, 2,3,...,n— 1}. 
4. How many subgroups of order 2 are there in D,? 


5. Show that in D,,, if ba’ = bai where i,j € {0,1,2,...,n— 1, then i=j, and 
that ba! # a for any i, j. 


nw 


6. Figure 13.7 shows a regular tetrahedron. The group G of rotational 
symmetries of the regular tetrahedron is called the tetrahedral 
group. 

In Figure 13.7, x, y, z, and tf refer to the fixed axes from the verti- 
ces of the tetrahedron to the centers of the opposite faces. X, Y, Z, 
and T are rotations of 3 clockwise about x, y, z, and t, respectively. 
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27 


a 


FIGURE 13.7 
A regular tetrahedron. 


The two points marked a are opposite faces. X, Y, Z, and T are rota- 
tions of 3 z clockwise about x, y, z, and t, respectively. The two points 
marked a are opposite ends of a fixed axis in space passing through 
the mid-points of opposite edges; A is a half-turn about a; similarly 
B and C are half-turns about the corresponding axes indicated by 
b and c. Write down all the different rotational symmetries of the 
regular tetrahedron, and find their orders. Show that there is no sub- 
group of order 6. Write down the image of each element of G under 
the function f: G > S, defined in a way similar to that in Section 13.1, 
and hence show that G is isomorphic to A,. 


7. Let A be a subgroup of D, such that ba"e A for some m, and 
ANC, = {e, a’, a?s, ...,a¢s}, where sd =n. Prove the result mentioned 
at the end of Example 13.4.2, namely that 


A={é/a*, a? ,.0,.a7 VU ba" bat ba. bay, 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


14 


Cosets 


14.1 Introduction 


You have almost certainly observed that the number of elements of asubgroup 
of a finite group is a divisor of the number of elements in the group. 

This is an important result called Lagrange’s Theorem. 

This chapter is devoted to proving Lagrange’s Theorem and, on the way, 
sets up some important machinery to be used later in this book. 

The important idea is that of a coset. 


14.2 Cosets 
Definition 


Let H be a subgroup of a group G, and let x € G. Then the set of elements 
xH defined by xH = {xh: h € H} is called a left coset of H (in G). The set Hx 
defined by Hx = {hx: he H} is called a right coset of H (in G). xH is the left 
coset of H containing (or generated by) x. 


EXAMPLE 14.2.1 


As an example, consider the group D; (whose group table is shown in 
Figure 14.1) and the subgroup H = {e, a, a*}. 


e a a* b_ ba ba 
e|e a a* b_ ba ba 
a\|a a e ba* b_ ba 
a~|a* e a_ba ba b 
b |b ba ba? a a 
ba| ba ba® b a@ e a 

ba*| ba® b_ ba a e 


FIGURE 14.1 
The group D3. 
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Then the six possible left cosets are as follows: 


eH = {ee, ea, ea} = {e, a, a7} 
aH = {ae, aa, aa”} = {a, a’, e} 
a°H ={a’e, a°a, a°a’} ={a’, e, a} 
bH = {be, ba, ba*} = {b, ba, ba} 
baH = {bae, baa, baa} = {ba, ba”, b} 
ba" H = {ba’e, baa, ba?a?} = {ba’, b, ba} 


Note that the first three cosets are equal to each other, as are the 
second three. 


EXAMPLE 14.2.2 
Write out the left cosets of the subgroup 3Z of Z under addition. 


In this example, additive notation is used for cosets. Note also that, 
for abelian groups, left cosets are the same as right cosets. 


The coset corresponding to 0 is the set 0 + 3Z, which is the set formed 
by adding every element of 3Z, that is the set of multiples of 3, in turn, 
to 0. Hence 0+ 3Z=3Z. See Example 4.5.3. Other cosets of 3Z are 
14+3Z={...,-5, -2, 1,4, 7, ...} and 2+3Z={..., -4, -1, 2, 5, 8, ...}. Now 
consider the coset of 1, that is r+ 3Z. If r=0 (mod 3), then r + 3Z = 3Z. If 
r=1(mod3),thenr + 3Z =1+3Z. And, ifr =2(mod3), thenr + 3Z =2 + 3Z. 
There are thus just three cosets of 3Z in Z. 


Look at the cosets in these two examples carefully, and write down 
any observations that you have about them. You are also advised 
to write out in a similar way the cosets of the subgroup H = {e, x} in 
D; and see whether your observations hold for these cosets before 
reading on. 


Theorems 45 and 46 prove the general results which you may have 
suspected from these examples. 
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Theorem 45 
Let H be a subgroup of group G and let x, ye G. Then 


1. xH = yH if, and only if, x+y e H 
2. x € coset A if, and only if, A =xH 
3. xH = yH if, and only if, x and y are in the same coset 


Proof 


1. If, Suppose that x“y € H, so xy =h for some hin H. Then y = xh and 
x=yl. 


To prove this part of the theorem you need to show that 
if x'ye H then xH=yH. To do this you need to show that 
xH CyH and yH € xH. So start by taking an element a ¢ xH 
and show that it belongs to yH; then take an element a € yH 
and show that it belongs to xH. 


Suppose that a¢ xH. Then a=xh, for some h, € H. Therefore, 
since x = yh, you can write a in the form a = xh, = yhth,. Since His a 
subgroup, hh, € H from Theorem 20. Therefore a = y(ih,) € yH, so 
xH c yH. 

Suppose now that ae yH. Then a= yh, for some h, € H. Therefore, 
since y = xh, you can write a in the form a = yh, = xhh,. Since H is a sub- 
group, hh, € H from Theorem 20. Therefore a = x(hh,) € xH,so yH C xH. 

Therefore, as xH C yH and yH C xH, xH = yH. 

Only if. Suppose that xH = yH. As y=ye and ee H because H is a 
subgroup, y is in the coset yH. Therefore, as xH= yH, y € xH, so 
y = xh for some element h of H. Therefore xy =h, so x+y € H. 


2. If. Suppose the coset A = xH. Then, as e € H, xee xH so x € XH and 
hence x € A. 
Only if. Suppose that x is an element of coset A. Suppose that A is 
the coset corresponding to y, that is A = yH. If x € yH, then x = yh for 
some lt € H. Therefore yx = h, so yx € H. But, from part 1, with the 
roles of x and y interchanged, xH = yH, so A = xH. So, if x belongs to 
a coset, that coset is xH. 

. If. Suppose that x and y are in the same coset A. By part 2, A =xH and 
A=yYH, so xH = yH. 
Only if. Suppose that xH = yH. Then, from part 1, x"y € H, so xty=h 
for some ht € H. Therefore y = xh, so y € xH. But x € xH, from part 2, 
so x and y are in the same coset. HI 


ies) 


It follows immediately by putting x=e in the statement of 
Theorem 45, part 1, that yH = H if, and only if, y € H. 
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Theorem 46 


Let H be a subgroup of group G. Then G is a disjoint union of left cosets of 
HinG., 


Proof 


For each element x of the group G, x € xH, because x = xe ande € H. Therefore 
Gis a union of left cosets of H and it remains to show that distinct cosets are 
disjoint. 

If xHyH is nonempty, then xh,=yh, for some hy, h,¢ H. Then 
xy =Ihy" € H, so that xH = yH by Theorem 45, part 1. Therefore xH and yH 
are either the same or disjoint. 


14.3 Lagrange’s Theorem 


It is now time to prove Lagrange’s Theorem. The proof follows quickly from 
Theorem 46. 


Theorem 47 


Lagrange’s Theorem. Let H be asubgroup of a finite group G. Then the order 
of H divides the order of G. 


Proof 


Suppose that the order of G is n, and the order of H is m. Then each left coset 
of H has exactly m elements, for if H = {hy, hy, ...,h,,} and x € G, then the coset 
XH = {xh,, xhy, ..., xh,,}. (Note that no two elements of the form xh; and xh; (i # j) 
are equal, because if xh; = xh; then h;=h,, by Theorem 14.) 

So, by Theorem 46, G is a disjoint union of subsets each containing m ele- 
ments. Therefore m divides n. 


You may very well wonder whether the converse of Lagrange’s 
Theorem is true, that is, if m is a divisor of the order of a group, that 
there will be a subgroup of order m. The answer is no; the alternat- 
ing group A, is a group of order 12 which has no subgroup of order 
6. (Recall question 6 in Chapter 13.) However, the converse is true for 
finite cyclic groups, as you will see from Theorem 51 in Section 14.4. 
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14.4 Deductions from Lagrange’s Theorem 


There are several corollaries of Lagrange’s Theorem. 


Theorem 48 
In a finite group G, the order of an element of G divides the order of G. 


Proof 


The order m of g € Gis the order of the subgroup generated by g. Hence, by 
Lagrange’s Theorem, m divides the order of G. 


From this result you can deduce a number of results simply from knowing 
the order of a group. For example, if a group has five elements, any subgroup 
can only have one element, and must therefore be the subgroup consisting of 
the identity alone, or have five elements, in which case it is the whole group. 
Moreover, the only element of order 1 is the unique identity element, so the 
order of every other element of a group with five elements is five. Therefore 
a group with five elements is cyclic. 

This leads to the following theorem. 


Theorem 49 
Every group of prime order is cyclic. 


Proof 


Suppose that the order of a group is a prime p. Consider an element g which 
is not the identity. Since the order of g divides p and is not 1, it must be p itself. 
Therefore g is a generator of the group, so the group is cyclic. ll 


Together with Theorem 35, this result says, in effect, that given a prime 
p, there is only one group of order p, namely the cyclic group of order p. 


Here are two other results which follow from Lagrange’s Theorem. 


Theorem 50 
Let G be a finite group of order n. Then x" =e for all x € G. 


Proof 


From Theorem 48 the order of each element of G divides n. Suppose that the 
order of an element x € G is m. Then m divides n, so n = km for some positive 
integer k. It follows that x" = x*" = (x")k¥=ek=e. By 
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Theorem 51 


Let G be a finite cyclic group of order n. Then for every divisor d of n there is 
exactly one subgroup of order d. 


Proof 


Since G has order n, you can write G = {e, a, a, ...,a"}. Let d be a divisor of n. 
Then H = {e,a"/4, a2/4, ..., a@@n/4} is a subgroup of G of order d. 


This shows that there is a subgroup of G of order d. Now you have to 
show that there are no others. 


Let K be a subgroup of G of order d. If b € K, then b =a’ for some s, and 
b’=e, by Theorem 50. Therefore (a@°)4 =e, so a*?=e. But then, from Theorem 
16, part 2, n divides sd, so s=m(n/d) for some m € Z. Therefore b= a’ = (a"/*)", 
so b € H. Therefore K c H. But H and K have the same number of elements, 
soH=K. 


14.5 Two Number Theory Applications 


Theorem 51 has two applications in number theory. 


If you wish, you could omit these two theorems, as future work in this 
book does not depend on them. However, you may wish to note the 
results. 


Theorem 52 


Fermat’s Little Theorem. Let p be a prime number. Then a? =a(mod p) for 
allae Z. 


Proof 


Consider the group (Z,*, x). This group has p — 1 elements. For [a] € Z,*, by 
Theorem 50, [a’"'] = [a]? = [1], the identity in (Z,*, x). Therefore a’ = 1 (mod p) 
for all integers a not divisible by p. Therefore a’ = a (mod p) for alla € Z. (Note 


that it is easy to see that a’ = a(mod p) when a is divisible by p.) 
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Theorem 53 
The group (Z,,, x) is cyclic. 


Proof 


First, if m is the largest of the orders of the elements of Zi then a” = 1 for all 
ae Z,*. For if n is the order of the element a, by Theorem 19, there is an ele- 
ment which has as its order the least common multiple of m and n. Suppose 
that | is the least common multiple of m and n. Then m divides |. But 1 < m, 
because one of the elements has order I, and m is the biggest of the orders of 
the elements. Therefore | = m. Therefore n divides m, and a” = 1. 

Let m be the largest of the orders of the elements of Z,*. Then, from the 
previous paragraph, each of the p — 1 elements of Z,* satisfies the polynomial 
equation x”=1. But, by Theorem 9, a polynomial of degree m with coeffi- 
cients in Z, can have no more than m roots. Therefore p—1<m. 

On the other hand, from Theorem 48, the first deduction from Lagrange’s 
Theorem, the order of an element divides the order of the group, so m divides 
p—1. Therefore m=p-—1. 

Thus there is an element of order p — 1, so (Z,*, x) is cyclic. ll 


EXAMPLE 14.5.1 


The group (Z,*, x) consists of the elements {1, 2, 3, 4, 5, 6} and, according to 
Theorem 53, it is cyclic and therefore has a generator. However, it may not 
be obvious which element is a generator. In this case, 3? = 2, 3° = 6, 34=4, 
3° =5, and 3° = 1. So element 3 is a generator. Element 5 is also a generator. 

On the other hand, in (Z,9,*, x) which has 100 elements, it may take 
some time to find a generator. Theorem 53, however, guarantees that it 
does have one. 


14.6 More Examples of Cosets 


EXAMPLE 14.6.1 

Let G= {1, 0,07, 6°, 64, 0°} be the group consisting of the six complex sixth roots 

of unity, where 6 =e7/°, and let H= {1, &, 64}. Write out the left cosets of H. 
The left cosets of H are H = {1, 6”, 6+} and 0H = {6, 0°, 0°}. These cosets 

partition the group, so any other cosets must be identical to one or other 

of these. In fact, H = 6?H = 64H = {1, 6°, 04} and 6H = 6°H = 6H = {6, 6°, 6°}. 


EXAMPLE 14.6.2 


Consider the group (C*, x) and the subgroup T = {z € C*: |z| = 1}. 
For ae C*, the coset aT = {az e C*: |z| =1}, which is the same as 
T={ze C |z| =a}. 
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You can also think of this geometrically. In the complex plane, the subgroup T 
is the set of points on the unit circle, with the operation of multiplication in the 
complex plane. To find the coset which includes another point a in the plane, 
multiply a by each point in the unit circle, and you get the circle of radius |a|. 
The cosets are therefore the circles of radius |a| in the complex plane. Figure 
14.2 shows the complex plane, the unit circle T, and some of the circles which 
are cosets. Note that the cosets are disjoint, and their union is C*. 


Subgroup 


Coset containing 2 


FIGURE 14.2 
The unit circle subgroup of (C*, x), and its cosets. 
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What You Should Know 


e The meaning of left and right cosets. 


¢ Given a subgroup H of a group G, every element of G is in some left 
coset of H. 

e That for any subgroup H ofa group G, G is a union of disjoint cosets 
of H. 


¢ That xy € H is a necessary and sufficient condition for the cosets 
xH and yH to be identical. 
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¢ Ina finite group all the cosets of a given subgroup have the same 
number of elements. 


e Lagrange’s Theorem. 
e Every group of prime order is cyclic. 


EXERCISE 14 


1. Use the table in Figure 13.3 to write out the left cosets and the right 
cosets of the subgroups {e, a7} and {e, b} in Dy. Write down one impor- 
tant difference between the two cases. 

2. Find the left cosets of Z, x {0} in the group Z, x Z;. 

. Let G = (Z, +) and H = 4Z. Write out the cosets of H in G. 


4. Let H be a subgroup of group G. Prove that there is a bijection 
between the left cosets of H and the right cosets of H. 
. (Z, +) is asubgroup of (R, +). What are the left cosets of (Z, +) in (R, +)? 
6. In the group R x R under addition, show that the cosets of the sub- 
group formed by multiples of a fixed nonzero element (a, b), which 
you can think of as a vector lying on a line through the origin, are 
the lines in R x R parallel to (@, b). 


ies) 


Ol 


7. Let H be a subgroup of a group G. Prove that if x € yH then xH = yH. 
8. Verify that (Z,;*, x) is a cyclic group by finding a generator. 
9. Mark each of the following statements true or false. 

a. Every subgroup of every group is a coset of that group. 

b. You cannot have an infinite number of cosets in a group. 


c. Inan infinite group, you cannot have both an infinite subgroup 
and an infinite number of cosets. 


d. If two cosets have a common element, they are identical. 

10. Let H and K be finite subgroups of group G, and let the orders of H 
and K be relatively prime. Prove that H 1 K = {e}. 

11. Show that if H and K are subgroups of a group, and have orders 56 
and 63, respectively, then the subgroup HM K must be cyclic. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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Groups of Orders Up To 8 


15.1 Introduction 


This chapter is different from others in this book. Its purpose is to find all 
the groups with orders up to 8. The main tool is Theorem 47, Lagrange’s 
Theorem, which states that the order of an element must divide the order of 
the group. 

Although all cyclic groups of order n are isomorphic to Z,, this group is, 
nevertheless, a specific group {[0], [1], ..., [7 —1]} of residue classes of inte- 
gers under addition. There is sometimes an advantage in thinking abstractly 
in terms of C,,= {e, a, a, ..., a" 1} which can legitimately “stand for” any cyclic 
group of order n. In this chapter, the notation C, is used for the cyclic group of 
order n. 


15.2 Groups of Prime Order 


From Theorem 49, every group of prime order is cyclic. This shows that, up 
to isomorphism, the only groups of orders 2, 3, 5, and 7 are the cyclic groups 
C,, C3, C5, and C,. 


15.3 Groups of Order 4 


Let G be a group of order 4. Think of the orders of the elements of G. Each of 
these divides the order of G, so, apart from the identity element, these orders 
can be only 2 or 4. 

First suppose that there is an element of order 4. In this case G must be the 
cyclic group C,. 
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Suppose, on the other hand, that every nonidentity element is of order 2, 
and let a and b be two distinct (nonidentity) elements. Consider the element ba. 
It is not the identity, for if it were then b =a! =q; it is not a or b because, if 
so, b=e or a=e. The element ba is therefore not equal to any of the other ele- 
ments, and G = {e, a, b, ba} = C, x Ca. 


You can also see this by applying Theorem 37. 


The group table for C, x C, is shown in Figure 15.1. This group is the four- 
group V which you met in question 4 of Exercise 5. 


ba | ba b a e 


FIGURE 15.1 
The group V = C, x C,. 


15.4 Groups of Order 6 


Let G bea group of order 6. Then the orders of the elements must divide 6, so, 
apart from the identity element, these orders can be only 2, 3, or 6. 

It is not possible for all the (Non-identity) elements of G to have order 2. 
This follows from Theorem 37, as 6 is not a power of 2. 

First suppose that G has an element of order 6. In this case G must be the 
cyclic group C,. 

Now suppose that G has an element of order 3, but no element of order 6. 
Call this element a. 

If b ¢ {e, a, a?}, then G = {e, a, a”, b, ba, ba} as these are six distinct elements 
of G. Note that b? cannot be equal to any of the last three members of G in 
this list, because that would mean that b is a power of a. Nor can b? be a or a” 
because that would imply that b is of order 6. This leaves only b? =e. 

The strategy now is to look at the possible outcomes of the product ab. 
Clearly ab #e, a, a* or b. So there are now two subcases to consider: ab = ba 
and ab = ba’. 
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Case 1: ab = ba. 


Considering powers of ab gives the following results: 


(ab)* = abab = aabb = a? 
(ab)® = (ab) ab = a’ab = b 
(ab)* = ab(ab)* = abb =a 
(ab)° = (ab)* ab = aab = a*b 
) 


(ab 
(ab)° = (ab)? ab = a*bab = a’abb = a°b? =e 


This shows that the order of ab is 6. This contradicts the hypothesis 
that there is no element of order 6. 


Case 2: ab=ba?. In this case, since ab = ba’, aba =ba2a=b. You now 
have the relations a°=b?=e and aba=b. The group G is therefore 
isomorphic to D3, Its group table is shown in Figure 14.1. 


15.5 Groups of Order 8 


Let G bea group of order 8. If G has an element of order 8, then G is the cyclic 


group Cg. 


If G is not cyclic, then the order of every element, except the identity, must 
be a proper divisor of 8, and so be 2 or 4. 

Suppose that every nonidentity element is of order 2. Then Theorem 37 
applies, so G is isomorphic to C, x C, x C;. 

If {a, b, c} is a minimal generating set for G, then, as in Theorem 36, 
G = {e, a, b, c, bc, ca, ab, abc}. The group table for G is shown in Figure 15.2. 


e b c be ca ab abc 

e e b c be ca ab_ abc 
a a ab ca abc c b bc 
b b ab e be c abe a ca 
C c ca be e b a abc ab 
bc be abc c b ab ca a 
ca ca c abe a ab e bc b 
ab | ab b a abe ca be e c 
abc | abc be ca ab a b C e 


FIGURE 15.2 


The group C, x C, x C). 
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The remaining cases concern groups in which every element except the 
identity is of order 2 or 4, and at least one element, a say, has order 4. 

Ifb¢ {e,a,a*, a>} then G = {e, a, a’, a°, b, ba, ba, ba}, as these are eight distinct 
elements of G. Note that b cannot be equal to any of the last four members of 
G in this list, because that would mean that b is a power of a. Nor can b? be a 
or a°, because that would imply that b is of order 8. So just two cases remain: 
b? =e and b? =a’. 


Case 1:b*=e. The strategy now is to look at the possible outcomes of 
the product ab. Clearly, ab # e, a, a”, a°, or b. Also ab # ba, as a = ba?b+ 
gives a? = (ba*b") = ba*b+ = bb =e, which contradicts the supposi- 
tion that the order of a is 4. So there are now two subcases to con- 
sider: ab = ba and ab = ba’. 


Case 1.1:ab=ba. Inthis case G is abelian, and is isomorphic to C, x C). 


Figure 15.3 shows its group table. It is generated by a and b with the 
relations a* = b? =e and ba =ab. 


e a a a b_ ba_ ba ba 

e e a@@ @ ba ba? ba? 
a a @ a@ e ba ba ba b 
| 2 «© @ a ba* ba®> b_ ba 

a|\|a e a a ba b_ ba_ ba? 
b b ba ba ba e a @ a@ 
b* | ba ba? ba b aa a@_e 
ba* | ba® ba b ba @&@ @& e a 
ba? | ba? b ba ba @ e aa 


FIGURE 15.3 
The group C, x C3. 


You could use Theorem 38 to show that there are three abelian 
groups of order 8; these are C, x C, X Cy, C, x C,, and Cz. 


Case 1.2: ab = ba’. In this case, you now have the relations a4=b?=e 
and ab = ba’, which is equivalent to aba = b, as a? =a". The group G is 
therefore isomorphic to D,. Its group table is shown in Figure 13.3. 

Case 2: b?=a?. In this case, botha and b have order 4. As in case 1, it is 
clear that ab #e, a, a’, a° or b. In addition, if ab = ba? then ab = bb? and 
ab? = b+ =e from which it would follow that a =b? = b2, a contradic- 
tion. So there must again be two subcases, ab = ba and ab = ba’. 
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Case 2.1: ab=ba. In this case, G is abelian. Put c=ab". Then c is of 
order 2, because (ab?)* = a2b° = a8 =e. So G={e, a, a’, a, c, ca, ca*, ca>} 
which you can see is C, x C, again. 

Case 2.2: ab = ba?. In this case, G = {e, a, a”, a3, b, ba, ba*, ba*} where at =e, 
a? = b?, and ab = ba’. 


i O 
There is a group of matrices with these properties. If a-( ; and 
i 
0 -l 
B -(; 0 } you can verify that the set {I, A, A*, A’, B, BA, BA?, BA} is a 


subgroup of the group of invertible 2 x 2 matrices with complex entries 
under multiplication (using Theorem 20). Note also that A* = I, A? = B?, and 
AB = BA’. 

It follows that the set G = {e, a, a”, a3, b, ba, ba?, ba*} where a* =e, a? = b?, and 
ab = ba® forms a group. This group is called the quaternion group Q,. Its 
group table is shown in Figure 15.4. 


e aa @ ba ba? ba? 
e e a @ @  b_ ba_ ba ba 
a aa @ e ba b_ ba _ ba 
a | a @& e a ba ba b_ ba 
ae | a e a @ ba ba ba ob 
b b ba ba b® & @& e a 
ba | ba ba® ba b a@ @ e 
ba? | ba® ba® b ba e aa @ 
ba® | ba®  b ba_ ba e a a 
FIGURE 15.4 
The group Q,. 
{ _____________— ] 


15.6 Summary 


Groups of prime order p: The only groups are isomorphic to C,, 
Groups of order 4: The only groups are isomorphic to 


C,, with generator a such that a* =e, 
C, x C,, with generators a and b such that a? = b? =e. 
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Groups of order 6: The only groups are isomorphic to 
C,, with generator a such that a° =e, 
D,, with generators a and b such that a° = b? = e and aba = b. 


Groups of order 8: The only groups are isomorphic to 
Cs, with generator a such that a° =e, 
C, x C, x C,, with generators a, b, and c such that a? = b? = c? =e, 
C, x C,, with generators a and b such that a‘ = b? =e and ab = ba, 
D,, with generators a and b such that a* = b? = e and aba = b, 
Q,, with generators a and b such that a‘ = e, a* = b’, and ab = ba’. 


EXERCISE 15 


1. Use the methods of this chapter to analyze the groups which have 
order 11. 

2. Use the methods of this chapter to analyze the groups which have 
order 9. 


3. Use the methods of this chapter to analyze the groups which have 
order 10. 
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Equivalence Relations 


16.1 Introduction 


An equivalence relation is a mathematical way to describe “sameness.” 

Consider, for example, the set of lower and upper case letters of the alpha- 
bet, (a, b,c, ... A, B, C ...). You may wish, for some purposes, to think of e and 
E as the “same” as each other; for other purposes, you may wish to think of 
the lower case letters as the “same” as each other and for yet other purposes, 
you may wish to think of vowels as the “same” as each other. When two 
things are the “same” in some way, in that they share some particular prop- 
erty, they are called “equivalent” with regard to that property. The notion 
of an equivalence relation provides a means of discussing this abstractly, 
without referring to any particular property. 

In geometry, it is often convenient to think of triangles which are congru- 
ent to one another as equivalent, even though they may be located in differ- 
ent places and therefore, strictly, different triangles. 

In Z, think of all the numbers which leave the same remainder on division 
by 5 as equivalent. Then 0, +5, +10, ... are equivalent to each other, so are ..., 
-9, -4, 1,6, 11, ... and there are other such sets. In fact, this sense of equiva- 
lence leads you to the sets in Zs. 


———EEaaae FT 
16.2 Equivalence Relations 
Definition 


An equivalence relation on a set A is a relation, denoted by ~, between the 
elements of A with the following properties: 


e x~xforallxe A Reflexive property 
e Ifx~y,theny~x Symmetric property 
° Ifx~yandy~z,thenx ~z Transitive property 


Here are some examples. 
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EXAMPLE 16.2.1 


Let A = {people living in the UK} and let x ~ y if x and y were born in the 
same calendar year. 

Clearly x was born in the same year as x, so x ~ x and ~ is reflexive. 

If x was born in the same year as y, then y was born in the same year 
as x. So ~ is symmetric. 

And if x was born in the same year as y, and y was born in the same 
year as z, then x was born in the same year as Z. So ~ is transitive. 

Therefore ~ is an equivalence relation on A. Notice that A has been 
divided into subsets of people all born in the same calendar year. 


EXAMPLE 16.2.2 


Show that the relation ~ on Z defined by x ~ y if x — y is divisible by 5 is 
an equivalence relation. 

Since x — x = 0 which is divisible by 5, x ~ x. So ~ is reflexive. 

If x ~ y, then x — y is divisible by 5. Therefore y — x is divisible by 5, so 
y ~ x. So ~ is symmetric. 

Finally if x ~ y and y ~ z, then both x — y and y —z are divisible by 5. 
Therefore x —y=5m and y—z=5n for some integers m and n. Adding 
these two equations gives x—z=5(m+n), so x —z is divisible by 5. So 
x ~zand ~ is transitive. 

Hence ~ is an equivalence relation. 

Notice that Z has been divided up into the subsets of elements which 
are all related to each other. Each of these subsets is an element of Z;. 


EXAMPLE 16.2.3 

The relation on A = {people living in the UK}, given by x~y if x is a 
friend of y, is not an equivalence relation, because you cannot guarantee 
that the transitive relation holds. Person x can be friendly with y, and y 
can be friendly with z without x being friendly with z. 


EXAMPLE 16.2.4 
Define the relation ~ on Z, by x ~ y if 5 divides 2x — y. 

This is not an equivalence relation because x is not related to x for 
all xe Z. If x=1, then 2x -x =x =1, and 5 does not divide 1. So 1 is not 
related to 1 and hence the relation is not reflexive. 


In fact, this relation is not symmetric or transitive either, but you 
only need to show that one of the conditions fails. 


In Examples 16.2.1 and 16.2.2, in which the relations were equivalence rela- 
tions, the underlying sets, A and Z, were divided into subsets containing 
elements which were related to each other. This idea leads to the following 
definition and theorem. 
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Definition 
The set @ = {x € A: x ~ a} is called the equivalence class of a. 


Theorem 54 
Let ~ be an equivalence relation on set A. Then 


1. Foreachae A,aea 


2. a ~ bif, and only if, a =b 


This theorem says that a is in its own equivalence class, and if is related 
to b, then the equivalence classes of a and b are identical, and conversely. 


Proof 
1. Since ~ is an equivalence relation, a ~ a,soaeda. 


2. If. Suppose that a = b. Then a cb. From (1), a€a,so a€b. Therefore 
a~b. 
Only if. Let a ~ b. First suppose that x € a, so that x ~a. Then x ~a 
and a ~ b, so, by the transitive rule x ~ b. Therefore x € b.Soifxed, 
then x eb. So ab. Now suppose that x € b, so that x ~ b. Buta ~ b, 
so, by the symmetric rule, b ~ a. Therefore x ~ b and b ~ a, so, by the 
transitive rule, x ~ a. Therefore x €@.So if xeb, thenxeda,sob ca. 


Therefore,asa@cbandbcia,a=)." 


In Examples 16.2.1 and 16.2.2, the subsets into which A and Z were divided 
were disjoint. This leads to the idea of a partition. 


16.3 Partitions 
Definition 


A partition of a set A is a division of A into subsets such that every element 
of A is in exactly one of the subsets. 


The “exactly” part of the definition ensures that the subsets in a partition 
are disjoint. 


Theorem 55 


For any equivalence relation on a set A, the set of equivalence classes forms 
a partition of A. 
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Proof 


Every element of A is in at least one equivalence class by part 1 of Theorem 
54. 


It remains to prove that each element is in exactly one equivalence class 
by showing that distinct equivalence classes are disjoint. Let a, b ¢ A and 


suppose that ab is nonempty. Then there exists an element x € A, such 


that x eda and x eb. Therefore x ~ a and x ~ b. As ~ is symmetric, a ~ x.So, as 
a~xand x ~ b, by the transitive rule, a ~ b. Therefore, by part 2 of Theorem 


54, @=b. Therefore either @ and b are identical or they are disjoint. 


EXAMPLE 16.3.1 


Returning to Example 16.2.1 in which the equivalence relation was x ~ y 
if x and y were born in the same calendar year, the equivalence classes 
are the sets of people all born in the same calendar year. 


EXAMPLE 16.3.2 


Returning to Example 16.2.2, where, on Z, the equivalence relation was 
x~yifx—y is divisible by 5, the equivalence classes are the elements of 
Z;. In fact, this is another way of looking at Z;. 


EXAMPLE 16.3.3 


Let H be a subgroup of a group G, and define the relation ~ on G by a ~ b 
ifatbe H. 

For alla ¢ H,a“a=e € H. Therefore a ~ a, so ~ is reflexive. 

If a~ b, then a‘b € H, so, as H is a subgroup, (a'b)' EH. Therefore 
ba € H,so b ~a. So ~ is symmetric. 

Finally, if a ~ b and b ~ c, then ab € Hand b'c € H. Therefore, as H is 
a subgroup, (a1b)(b"c) € H or ac € H. Therefore a ~ c. So ~ is transitive. 

Therefore ~ is an equivalence relation on G. 

The equivalence class containing a is a={xeG:x~a}, that is 
a={xeG:x ae H}. 


What is going on is that there are two partitions on G, the cosets of 
Hand the equivalence classes of ~. Theorem 45 says that a and b are 
in the same left coset of H if, and only if, aH = bH; and that aH = bH 
if, and only if, ab e H. Theorem 54 says that a and b belong to the 
same equivalence class of ~ if, and only if, @ =b; and that a = b if, 
and only if, a ~ b. Example 16.3.3 links these two theorems because 
it says that a ~ bif, and only if, a*b € H. Therefore a and b are in the 
same coset if, and only if, a and b are in the same equivalence class 
of ~. So the equivalence classes of the relation ~ on G are precisely 
the left cosets of H in G. 
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You can give an explicit proof of the fact that a=aH. If x ea, then 
xta € H. From Theorem 45, part 1, xH = aH, so, from Theorem 45, part 2, 
x € aH. If x € aH, then, from Theorem 45, part 2, xH = aH. By Theorem 45, 
part 1,x71a € H,so x ea. Therefore a = aH. 


EXAMPLE 16.3.4 


Here is a nonnumerical example. Let A be the set of towns in Great 
Britain. Let a and b be towns, and let a ~ b if a and b are in the same 
county. Then ~ is reflexive, symmetric, and transitive, and the equiva- 
lence classes are the counties. Figure 16.1 shows Great Britain parti- 
tioned into counties. 


FIGURE 16.1 
Great Britain partitioned into equivalence classes. 


16.4 An Important Equivalence Relation 


Here is an example which will be used in Theorem 63 in Chapter 19. 

Let f: X — Y be any function. Then “a ~ b if f(a) =f(b)” defines an equiva- 
lence relation on X. 

As f(@) = fla), a ~ a and ~ is reflexive. 

If a ~ b, then fa) = f(0). It follows that f(b) = f(a), so b ~ a and ~ is symmetric. 

Finally, if a~b and b ~c, then f(a) =f(b) and f(b) =f(c), so f(a) =f(c) and 
a~c, so~ is transitive. Therefore ~ is an equivalence relation on X. The 
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equivalence classes are called the fibers of f. The fibers of f are illustrated 
in Figure 16.2. 


Domain Co-domain 


FIGURE 16.2 
Fibers of a function f. 


The fibers of f are the horizontal regions of X containing all the elements 
which map on to each single element in im f, the image of f Figure 16.2 
suggests that there is a bijection from the fibers of X to im f. Call the set of 
fibers X/~. 


Theorem 56 


Let f: X — Y be any function, and let ~ be the equivalence relation defined by 
a ~ bif f(a) =f(b). Then the function 6: X/~ > im f defined by {x)= f(x) isa 
bijection. 


Proof 


The proof has three parts. First, the function 6 must be shown to be 
well defined, that is, if x = y, then A(x) = Hy : The other two parts are 
the normal surjection and injection parts of proving that a function is 
a bijection. 


Well defined. Suppose that x = y. Then, by Theorem 54, x ~ y, so f(x) = f(y). 
Therefore 0 is well defined. 

Injection. Suppose that @(x)=O(y). Then f(x) =fly), and therefore x ~ y. 
Therefore, by Theorem 54, x = y, so @ is injective. 

Surjection. For each y in the image of f there exists an x € X such that f(x) = y. 
For such an x, there is an equivalence class X, and for that X¥, A(X) = f(x)=y. 
Therefore @ is surjective. 

Therefore 6 is a bijection. ll 
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What You Should Know 


¢ The definition of an equivalence relation. 


WM 


¢ The meaning of “reflexive,” “symmetric,” and “transitive” in the 


context of relations. 
¢ The definition of a partition. 


e That an equivalence relation on a set partitions the set into equiva- 
lence classes. 


EXERCISE 16 
1. Show that each of the following relations is an equivalence relation. 
In each case identify the equivalence classes: 
a. On R?*- (0,0), @, b) ~ (© d) if ad —- bc =0 
b. OnQ, p/q ~ r/sif ps — qr =0 
c. OnZ,x~yif x — y is divisible by 2 
d. OnZ,x ~ yif 2x + y is divisible by 3 
e. On Z,x ~ yif|x|=/y| 
2. Decide whether each of the following relations is an equivalence 
relation, giving the equivalence classes where appropriate: 
On Z, x ~ y if x — y is the square of an integer 
On Z, x ~ yif xy >0 
OnN,x~y if xy>0 
On Z, x ~ yif xy 20 
OnR, a ~ bif |a—b\<4 
On Q,a ~ bif ze Q exists so that |z-a|< 4 and |z-b|<} 
On the set of straight lines in a plane, ! ~ mif lis parallel to m 
On R?, @, b) ~ (¢, d) if bd =0 
On the set of triangles in a plane, A ~ B if A is similar to B 


Pwd wo Aan SF p 


me 


j. On the set of triangles in a plane, A ~ B if A is congruent to B 
k. On the set of straight lines in a plane, / ~ miflis perpendicular to m 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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Quotient Groups 


17.1 Introduction 


In Chapter 8 you saw how new, bigger groups could be built up from smaller 
groups by using the Cartesian product. The multiplication sign x was used 
to denote the Cartesian product. 

You probably have wondered whether there is any process which corre- 
sponds in some way to division. The answer is yes—under some circum- 
stances. The purpose of this chapter is to investigate those circumstances. 

Figure 17.1a shows the group D3, with one noticeable difference—the sub- 
group H = {e, a, a7} is shown shaded and the coset bH is shown unshaded. If 
you hold the page with Figure 17.1a sufficiently far away so that you cannot 
see the details of the individual elements, what you see is shown in Figure 
171b. This is also the table of a group in which there are two elements, the 
colors gray and white. This group of colors is isomorphic to Z,. 


(a) (b) 

e aa b ba ba 
ele a a b_ ba ba 
a\|a a e ba b ba 
a\|a* e a_ ba ba* b 
b |b ba ba e a @ 
ba\| ba ba® b @ e a 
ba2|ba2 b ba a @ e 


FIGURE 17.1 
(a) The group D;and (b) the group D;/Z; = Z5. 


The way that this situation is described is to use a form of division nota- 
tion and to write D;/H = Z,. You might also observe that as H is isomorphic 
to Z3, you could write D;/Z; = Z,. D3/Z, is an example of a quotient group or 
a factor group. 
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However, you cannot deduce from D,/Z, = Z, that D; = Z, x Z;. (You saw 
in Section 11.5 that Z, x Z, = Z,, and in Section 15.4 that D, is not isomorphic 
to Z,.) 

Here is another example, this time from D,, starting with the subgroup 
H = {e, a’}. Figure 17.2 shows D, with the subsets shaded differently from each 
other. This time if you hold Figure 17.2 so that you cannot see the details of 


2 a a db ba ba ba 
a b  ba* ba ba 

a a ba b_ ba ba 
e 


a 

b | b ba ba ba e @& a 
ba*| ba® b ba ba a? 3 

ba | ba ba? ba®* b @ a a 


FIGURE 17.2 
D, with the cosets of Z, shaded. 


the individual elements, you see the group V, consisting of four elements. 
You can write D,/H = V, or, as H has two elements, it is isomorphic to Z,, so 
D,/Z, = V (Figure 173). 


FIGURE 17.3 
The group D,/Z, = V. 


Here is another example. This time the group D, has been rearranged so 
that the subgroup H = {e, b}, in white, is in the top left-hand corner of Figure 
174. The left coset aH = {a, ab} is shown lightly shaded, and the third coset, 
a°H = {a?, a*b}, is shown in a darker shading. 
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e b a ab Gamma n 
e e b ab 2 ab 
b b e —egm@ ab oa 
a a ab Wiam e b 
ab | ab a_b e ab a 
@ a ab) e b a ab 
Cee ab oa e 


FIGURE 17.4 
D, goes wrong! 


You can see from the shading in Figure 174 that there is no longer a tidy 
pattern. It is now not possible to view Figure 174 at a distance and see the col- 
ors form the structure of a group. In this case, you cannot write D3/Z, = Z3. 


Remember that ab = ba? and ab = ba. 


So what are the characteristics of the subgroups and cosets which enable 
you to say that D3/Z; = Z,, but not D3/Z, = Z; or D3 = Z, xX Z3? 


17.2 Sets as Elements of Sets 


This section heading is not a misprint; it really is about sets of which the 
elements are sets. You have already met some examples: for instance, Z,, in 
Chapter 4, and the set of fibers X/~ of a function in Chapter 16. Here are 
some more examples. 


EXAMPLE 17.2.1 


Consider the elements of Z,). You are familiar with using the elements 
of Z,) to check arithmetic results. For example, you know immediately 
that 2349 x 3487 # 8910961 because the units digit is wrong. What you are 
actually doing, probably implicitly rather than explicitly, is the following 
process. 

The original numbers 2349 € [9],, and 3487 € [7],.. Multiplying [9],o 
by [7] gives [ho X [7] = [Sho Finally 8910961 ¢ [3],, so the result of the 
multiplication is wrong. 

Remember that a statement like [9];9 X [7] = [3],9 means that if you take 
any element from the set [9],), and multiply it by any element from the set 
[7],o, you obtain a result which is in the set [3]. 
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EXAMPLE 17.2.2 


Suppose now that you were to devise a process called digital product. 
The digital product of a nonnegative integer is found by repeatedly 
multiplying the digits together until you get a single digit. For example, 
64 > 24 > 8 and 97 > 63 > 18 > 8. 

The sets in the corresponding partition of the nonnegative integers are 
the following, where the first 30 numbers, together with some others are 


shown: 
o a 69, ...} 5)={ 
(St 11,34 (6) = {6, 16, 23, 28,..., 48,..., 84,..} 
(2)= 12/12, 21, 26...) Wars eevee 
(3)={3,13,.04 (8) ={8, 18, 29,...} 
(4) = {4, 14, 22, 27,...} (9) ={9, 19, . 


{n) is the set of nonnegative integers whose digital product is n. 


Look at the product 6 x 3 = 18. The digital product of 18 is 8 so 18 € (8). But 
if you look at (6) x (3) by taking any possible product of elements in (6) and 
(3) you get {18, 48, 69, 78, 84, ...}. But there is no single set which has these 
numbers as elements. In this case you cannot multiply the sets in a way 
which reflects the multiplication of the integers. 


Definition 


Let X and Y be subsets of a set A and let a binary operation ° be defined on 
A. Then the set XY = the set of all elements of A which can be expressed in 
the form x ° y where x € X, y € Y. This operation on the set of subsets of A is 
called the operation induced by the operation ° in A. 


Note that the products in XY need not be distinct; you could have x, # x, 
and y, # y but x,y, = X2y,. However, repetitions are ignored. Moreover, 
two subsets are equal if, and only if, they have the same distinct ele- 
ments, irrespective of the repetitions. You are advised to go to Exercise 
17, and try questions 1 and 2. 


17.3 Cosets as Elements of a Group 


So what has all this got to do with cosets? 
Let H be a subgroup of group G, and let a and b be any two elements of G. 
Suppose also that the cosets of H form a group under the operation on the set 
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of subsets of G induced by the operation in G. The two cosets corresponding 
to a and b are aH and bH. When you work out the product of these two cosets 
to get (@H)(bH) you must take every element in aH and multiply it by every 
element in DH. 

As the set of cosets is a group, it must be closed under the operation and 
so the resultant product (@H)(bH) must be another coset. Which coset will it 
be? Sincee € H,a=ae € aHand b= be € bH,so one element in the set (aH)(bH) 
is ab. So the coset of the product (@H)(bH) must contain ab, and therefore, by 
Theorem 45, part 2, it must be abH. 

If for all a and b in G the product (@H)(bH) = (ab)H what can you say about 
the subgroup H? The answer is encapsulated in Theorem 57. 


Theorem 57 


Let H be a subgroup of group G. Then (@H)(bH) = (ab)H for alla and b in G if, 
and only if, x1 Hx CH forallx eé G. 


Proof 
If. Suppose that x! Hx CH for allxe G. Leta, be G. 


You need to show first that @H)(bH) c (ab)H. 


Consider g € (@H)(bH). Then g = (ah,)(bh,) where I, hy € H. So g= ab(bth,bhy. 
Now x!Hx CH for all xe G, so b"h,b=h for some he H. Thus g=abhhy. 
As His a subgroup, hh, € H, so g = abh, where h, € H,so g € (ab)H. Therefore 
(aH)(bA) c (ab) A. 


Now show that (ab)H c (@H)(bH). 


Consider g € (ab)H. Then g = abh,, where h, € H, and therefore g = a(bh,b“)b. 
Now x1Hx CH for all x € G, so, with x = b+, bh,b+=h for some h € H. Thus 
g =ahb = (ah)(be), so g € (@H)(bH). Therefore (ab)H c (aH)(bH). 

So, as (@H)(bH) c (ab)H and (ab)H < (@H)(bH), it follows that (@H)(bH) = (ab)H. 

Only if. Suppose that @H)(bH) = (ab)H for all a and b in G and let x be an 
element of G. If g € x1Hx, then g = xhx for some h € H.So0 g = (x"h)(xe) which 
is amember of (xH)(xH), and therefore of (x!x)H or eH = H. So x1Hx C H. 


17.4 Normal Subgroups 


The condition that x1Hx ¢ H for all x € Gis important, and will give rise toa 
definition. But first note that it implies x Hx = H for all x € G. 


166 Discovering Group Theory 


Theorem 58 


Let x*Hx CH for all x € G. Then x?Hx =H for all xe G. 


Proof 


Let x be any element of G. You have in this case to prove only that H c x'Hx. 
Take any element 1 of H. Then h=x"(xhx)x=x1kx where k= xhx1. But 
k=y"hy where y= x". Therefore, as x'Hx CH for all xe G (in particular 
y'Hy CH),ke H. Hence h=2x"kx € x1Hx. So H Cx1Hx, so xtHx = H. 


Definition 


A subgroup H of a group G is anormal subgroup if x!Hx = H for each x € G. 


Theorem 58 tells us that to show that a subgroup H is normal it is suf- 
ficient to show that x1Hx Cc H for all x € G. 

Note also that, for an abelian group G, every subgroup is normal. 
This is because, for allx ¢ Gand allhe H,x'hx =hx'x =he=he H. 


Let H be a subgroup of group G. Can you say that the cosets of H form a 
group, with the multiplication induced from G, if H is a normal subgroup? 
The answer is yes. 

From the discussion at the beginning of Section 173 it follows that the set 
of cosets is closed under the operation (on the set of subsets of G, induced by 
the operation in G) if, and only if, @H)(bH = (ab)H for all a and b inG. 

Theorem 57 shows that (@H)(bH) = (ab)H for all a and b in G if, and only if, 
His anormal subgroup of G. 

Combining these two statements, the normality of H is a necessary and 
sufficient condition for the set of cosets of H to be closed under the operation 
of multiplication of subsets induced by the operation of G. 

We have gone a long way toward the next theorem. 


Theorem 59 


Let G be a group, and let H be a normal subgroup. Then the set of cosets of H 
forms a group under the operation on the set of subsets of G induced by the 
group operation of G. 


Proof 


You already know from the remarks before the theorem that the closure 
axiom is satisfied. 
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To prove that the operation of coset multiplication is associative, note 
that aH((bH)(cH)) = aH((be)H) = (a(be))H. Similarly, you find that the product 
(@H)(bH))cH = ((ab)H)cH = ((ab)c)H. But the group operation in G is associa- 
tive, that is, a(bc) = (ab)c, so(a(bc))H = ((ab)c)H, and the result follows. 

The coset eH (or H) is the identity, because (eH)(a@H) = (ea)H = aH and also 
(aH)(eH) = (ae)H = aH. 

Finally, a1H is the inverse of aH as (a'H)(aH)=(a'a)H=eH and also 
(aH) (aH) = (aa“)H = eH. 

All four group axioms are satisfied so the cosets of H form a group under 
the operation on the set of subsets of G induced by the group operation of G. Hl 


Definition 


Let H be a normal subgroup of G. Then the group of cosets featuring in 
Theorem 59 is called the quotient group of H in G, and written G/H. The 
term “factor group” is sometimes used to mean quotient group. 


Note that if G is finite, then G/H is finite. G is a disjoint union of cosets and, 
as established in the proof of Lagrange’s Theorem, the number of elements 
in each of these cosets is equal to the order of H. Therefore the number of 
elements in G is equal to the number of cosets multiplied by the number 
of elements in H. Therefore the order of the group G/H is the order of G, 
divided by the order of H. 


17.5 The Quotient Group 


Here are some examples of quotient groups. 


EXAMPLE 17.5.1 
In D,, show that the subgroup H = {e, a°} is normal. Find the group D,/H. 


To prove that H is normal, you have to prove that ¢1Hg CH for 
allge G. 


D, is generated by a and b such that a°=b?=e and aba=b. Consider 
elements in the set g1Hg. These are of two types, g eg and g-a°s. 
For the first case gteg=9-!g=e € H. Suppose that for the second case, 
g=biai, where i=0 or 1, and j=0, 1, 2, 3, 4, or 5. Then since (b')' =b', 
gag = (bia!) 'a°b'a! =a'b'a’b'a’. Now, if i=0, then biabi=a and so 
gag = ida = eH. On the other hand, if i=1, then biasb' = bab 
= (bab)(bab)(bab). So, using the fact that aba = b, bab = a\(aba)b = a'bb = 1, 
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therefore ba°b = (a')3=a?=a', and so ge = aibacba = aided =a? € A. 
Thus ¢'Hg CH for all g € G- 

Thus H is a normal subgroup, so D,/H is a group. From the remark at 
the end of the previous section, this group has 12+ 2=6 elements. The 
elements of D, are e, a, a’, a°, a+, a°, b, ba, ba’, ba°, bat, and ba°. As a3 € H, it 
follows from Theorem 45 that every left coset of H in D, is one of H, aH, 
a*H, bH, baH, or baH. So the quotient group D,/H consists of these six 
cosets. 

A typical calculation such as (a#H)(bH) in D,/H is carried out by first 
saying (a?H)(bH) = (a*b)H. Then in D,, using the result a‘ba'=b from 
Section 13.3, a?b = (a@*ba*)a* = ba? = ba’, so (a*b)H = (ba*)H = baH. Therefore 
(a?H)(bH) = baH. 

Figure 17.5 shows its group table. 


H aH aH bH_ baH ba*H 
H H aH aH bH_  baH ba*H 
aH | aH aH H_ ba?H bH  baH 
@H| aH H aH baH ba?H bH 
bH | bH baH ba®*H H aH a?H 
baH| baH ba?H bH @H H~ aH 
ba?H| ba2H bH baH aH @H H 


FIGURE 17.5 
The group D,/H. 


If you compare the group table in Figure 17.5 with the table for D, in 
Example 5.2.2 you will see that they are the same, with 


H aH @H bH baH ba’?H 


ya ae of. OE Og 
> B.S 3 Oe UZ 


and this shows that D,/H is isomorphic to D3. 


EXAMPLE 17.5.2 


Consider the group (Z,+), and the subgroup (nZ, +) consisting of the 
multiples of n. This subgroup is normal, because the group (Z, + ) is abe- 
lian, so the condition for normality is automatically satisfied. 

The cosets of nZ are nZ, 14+nZ, 24+nZ,...,(n-—1)+nZ. This set of 
cosets forms a group under the operation given by (r+nZ) + (s+ nZ) = 
(r+s)+nZ. In fact, it is not difficult to see that Z/nZ = Z,,. 


EXAMPLE 17.5.3 
Determine the group (Z, x Z;)/(Z, x {0}). 

The group Z, x Z, has 32 elements and the subgroup Z, x {0} has 4 ele- 
ments. Therefore the quotient group (Z, x Zs)/(Z, x {0}) has 8 elements. 
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Each element of Z, x Z, is of the form (a, b) where a is one of the four 
residue classes [i],, 0 <i <3, and b is one of the eight residue classes [j],, 
0 <j <7. But@, b)- (0,b)=(@,0) € Z, x {0}. Therefore, by Theorem 45, every 
coset of Z, x {0} is of the form (0, b) + (Z, x {0}). Therefore the elements of 
the quotient group (Z, x Z;)/(Z, x {0}) are the eight cosets (0, 0) + (Z, x {0}), 
(0, 1) + (Z, x (0}), (0, 2) + (Zy x {0}), (©, 3) + (Zy x {0)), ..., @, 7) + (Zax (0). 

The order of the element (0, 1) + (Z, x {0}) is 8, so (Z4 x Zs)/(Z,4 x {O}) is 
the cyclic group Z,. Thus (Z, x Z,)/(Z, x {O}) = Z,. 


Note that it is as though the group Z, has cancelled leaving Zz. 


EXAMPLE 17.5.4 


Determine the group Zs x Z,/<(2, 0)). 

The group Z, x Z, has 32 elements and the subgroup ((2, 0)) generated 
by (2, 0) has 4 elements. So ((2, 0)) has 8 cosets in Z, x Zs, So the quotient 
group Zs x Z,/{(2, 0)) has 8 elements. 

Each element of Zs x Z, is of the form (a,b) where a is one of the eight 
residue classes [i],, 0 <i <7, and b is one of the four residue classes [j]j, 
0 <j <3. If ais the class of 0, 2, 4, or 6, then (a, b) - (0, b) = @, 0) € (2, 0)); 
while if a is the class of 1, 3, 5, or 7, then (a, b) - (1, b) = (a-1, 0) € (2, 0)). 
Therefore, by Theorem 45, every coset of ((2, 0)) is one of (0, 0) + «(2, 0)), that 
is, the subgroup ((2, 0)) itself, (0, 1) + ((2, 0), (0, 2) + (2, 0)), (0, 3) + (2, 0)), 
(1, 0) + (2, 0)), (1, 1) + (2, 0)), (1, 2) + (2, 0)), and (1, 3) + (2, 0)). Therefore 
these eight cosets are the elements of Zs x Z,/<(2, 0)). 
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If you check the orders of these elements of Z, x Z,/{(2, 0)), you find that 
there are four elements of order 4 and three elements of order 2, so, from 
Chapter 15, the quotient group is isomorphic to Z, x Z,. Therefore you can 
write Z, x Z,/((2,0)) = Z, x Z4. 


What You Should Know 


The rule for multiplying together two subsets of a group. 


How to combine two cosets using the rule induced by the operation 


of the group. 
The meaning of a normal subgroup, and how to test for one. 
The meaning of a quotient group. 


EXERCISE 17 
1. In the group D;, compute the set AB for the given sets A and B. 


a. A= {a, b}, B= {e, ba} 
b. A= {e, ba}, B= {e, a, a?} 
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c. A={a, b}, B= {e, a, a} 
d. A= {b, ba, ba?\, B= {e, a, a?} 

2. In the quaternion group Q, shown in Section 15.5, let H = {e, a*}, 
A= {a, ba} and B= {ba, ba*}. Compute the sets HA, HB, AB, AH, BH, 
and BA. 


. In the group D,, let H be the subgroup H = {e, a, a*}. List the sets aH 
and Hb. 


4, Determine the group Z, x Z,/<(2, 2)). 

5. Determine the group (Z, x Z,)/((3, 2)). 

6. Show that the subgroup H = {e, b} of D3 is not normal. 
7. Mark each of the following statements true or false. 


ies) 


a. Two cosets are either identical or disjoint. 
b. No two cosets have the same number of elements. 

8. Use the table in Figure 15.4 to prove that H = {e, a*} is a normal 
subgroup of Q,. Identify the group Q,/H. 


9. Let G be a group. Prove that H is anormal subgroup of G if, and only 
if, every right coset of H in G is also a left coset of Hin G. 
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Homomorphisms 


18.1 Homomorphisms 


In Chapter 11, you studied isomorphisms. You saw there that two groups 
(G, °) and (H, -) were isomorphic if there was a bijection f: G > H such that for 
all x,y € G, f° y) = f(x) -fly). 

In this chapter you will study homomorphisms. The difference between 
a homomorphism and an isomorphism is that the function f is no longer 
required to be a bijection. 


Definition 


Let G, °) and (H, -) be groups. Then a homomorphism is a function f: G — H 
such that f(x ° y) = f(x) -f(y) for all x, ye G. 


The word “homomorphism” means same structure, so you should 
expect some of the structure properties of the group G to be reflected 
in the image of G in H. 


Here are some examples. 


EXAMPLE 18.1.1 


Consider the function from (Z, +) to the group ({1, i, -1, —i}, x) defined by 
fai. 

This is a homomorphism since f(m)f(n) =i" =i" = f(m +n). The 
elements which map to 1 are {..., —8, —4, 0, 4, 8, 12, ...}, those to i are 
{...,-7, -3, 1,5, 9, 13, ...}, those to —-1 are {...,-6, -2, 2, 6, 10, ...}, and those 
to -i are {..., -5, -1, 3, 7, 11, ...}. 

In fact the group (Z, +) has been partitioned into four equivalence 
classes, under the equivalence relation x ~ y if f(x) =f(y). Each element 
of a given equivalence class maps onto the same element of {1, i, -1, —i}. 
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EXAMPLE 18.1.2 


Let (M, x) be the group of invertible 2 x 2 matrices with real entries 
under matrix multiplication and (R*, x) be the set of nonzero real num- 
bers under multiplication. 


By definition, A is invertible if, and only if, there exists a matrix 
B such that AB = BA =I, that is, if, and only if, A has an inverse 
under multiplication. Recall that a matrix A is invertible if, and 
only if, det A #0. 


Then f: (M, x) > (R*, x) where f(A) = det A is well defined since det A # 0, 
and a homomorphism, because f(A)f(B) = det A det B = det (AB) = f(AB). 

The elements of (M, x) which map onto the identity in (R*, x) are those 
matrices with a determinant of 1. 

Note that in both Examples 18.1.1 and 18.1.2, the identity element of G 
maps onto the identity element of H. This is a general result, proved in 
Theorem 60. 


Theorem 60 


If G and H are two groups and f: G > H is a homomorphism, then f(é,) = ey, 
and if f(g) =h then f(¢*) =I". 


Proof 


In Theorem 34 about isomorphisms, the same result was proved without 
using the fact that an isomorphism is a bijection. Therefore the same proof 
is valid here. 


EXAMPLE 18.1.3 


Let G and H be any groups. Then the function f: G > H defined by f(x) =e, 
for every x € Gis a homomorphism because f(x)f(y) = eyey = ey = f(xy). This 
is called the trivial homomorphism. 


There may not be a nontrivial homomorphism between two 
groups, as Example 18.1.4 shows. 


EXAMPLE 18.1.4 


Suppose that you are looking for a homomorphism from (Z;, +) to 
(Z,, +). The identity element of Z, must map to the identity element 
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of Z,, but what is the image of 1e€ Z,? Suppose that f(1)=0. Then 
f(2) =f1 +1) =f) +f) =0+0=0, so you have the trivial homomor- 
phism. Suppose now that f(1) =1, the only other alternative. Then (2) 
=f(1+1)=f) +f (1) =1+1=0. But then f(0) =f(2+ 1) =f(2) + f(1) =0+4+1 
= 1 which is a contradiction. Therefore, the trivial homomorphism is the 
only homomorphism from Z, to Z). 


EXAMPLE 18.1.5 


Consider the function f: S,, > ({1, -1}, x) defined by f(x) = 1 if x isan even 
permutation, and f(x) = —1 if x is an odd permutation. For x, y € S,, it fol- 
lows from Theorem 40 that xy is even if x and y are both even or both odd. 
Therefore f(xy) = 1 if f(x) = f(y) = 1 or f(x) = f(y) =-L, and so in both cases 
f(xy) = ffly). Also, from Theorem 40, xy is odd if one of x or y is even 
and the other is odd. So f(xy) =—1 if f(x) =1 and f(y) =-1, or if f(x) =-1 


and f(y) = 1. So again in both cases f(xy) = f(x)f(y). Hence f(xy) = f(y) 
in all possible cases and so the function f is a homomorphism. 


EXAMPLE 18.1.6 


Consider the function f: Z,— Z, defined by f([n],) =[n],. To prove that 
this is a homomorphism, note that 


f(lmla + [ra) = f(t na) 
=[m+n], 
=[m], +[nh 


= f([m].)+ f((n],). 


EXAMPLE 18.1.7 


Let f,: G, > H, and f,: G, > H, be homomorphisms of groups. Consider 
the function f: G; x G, > H, x H, defined by f((g1, $9) = (f1(21), fo 82). This 
is ahomomorphism because 


F (x1, %2)(Yr, Yo) = f(xy 1, X2Y2)) InG, XG, 
= (f(xy), fo(X2Y2)) Definition of f 
= (filet) fyi), fo(%2) fo(y2)) = Homomorphisms 
= (fil%1), fa(%2) (fi), fo(y2)) In Hy x Hp 
= f((%1, X2))f (Ya, ¥2)) Definition of f 


In particular, this result, together with Example 18.1.6, shows that 
fi Zyx Z, > Z, x Z, given by f([m], [n],)) = (Im), [n],) is a homomor- 
phism. The elements that map to the identity element in Z, x Z, satisfy 
Aimy, [n],)) = (0h, [0],), that is, ([m],, [7],) = ((0]:, [0],). These elements 
form the set {(0, 0), (2, 0), (0, 2), (2, 2)} in Z4 x Zy. 
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EXAMPLE 18.1.8 


Let N be a normal subgroup of a group G. Then the function f: G > G/N 
defined by f(x) = xN for x € Gis a homomorphism. 

Let x and y be elements of G. Then f(x)f(y) = (xN)(yN) by definition of 
f, and (xN)(yN) = (xy)N by definition of the group operation in G/N. But 
(xy)N = f(xy) by definition of f Therefore f(x)f(y) = f(xy) as required. 

The identity element of G/N is the coset N. The elements that map 
onto N are the solutions of the equation f(x) = N, that is the elements 
x such that xN=N. By Theorem 45, part 1 xN=yYN if, and only if, 
xty € N. Putting x =e, yN=N if, and only if, ye N. The solution set 
is therefore N. 


The importance of this example is the subject of a comment in 
Section 18.2. 


18.2 The Kernel of a Homomorphism 


In a number of the Examples 18.1.1 through 18.1.7, you have seen that the ele- 
ments that are mapped to the identity element by a homomorphism form a 
subgroup of the domain. 

In Example 18.1.1, the subgroup was 4Z, while in Example 18.1.2 it was the 
subgroup of all matrices with determinant 1. 


Definition 


The kernel of a homomorphism f of group G to group H is the set of all ele- 
ments of G which are mapped by f onto the identity element of H. The kernel 
of fis written ker f 

Here is a proof that the kernel of a homomorphism is a subgroup of the 
domain, in fact a normal subgroup. 


Theorem 61 
Let f: G > H be a homomorphism from group G to group H. Then the kernel 


of fis anormal subgroup of G. 


In the proof, the conditions of Theorem 20 are first used to show that 
the kernel is a subgroup. 
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Proof 


From Theorem 60, f(é,) = ey, $0 €g € ker f. 

Suppose that x, ye ker f Then f(x)=f(y)=e,. It follows that f(xy) 
= f(x)fly) = euey = ey Showing that xy € ker f 

Also, from Theorem 60, f(x) = f(x)" = ey =e, showing that f(x) = e, and 
xe kerf 

It follows that ker f is a subgroup of G. 

Suppose that xe G and ke ker f. To prove that xkx € ker f, you need to 
show that it maps under f to the identity in H. Indeed f(x7kx) = far )f(Ky f(x) 
= fx Menf(x) = fle fo) = fx) = flec) = ey. It follows that x1kx € ker f. So ker f 
is anormal subgroup of G. 


It should not surprise you by now that the image of a subgroup is a 
subgroup. This is given as an exercise, and will now be assumed. 

While Theorem 61 says that every kernel is a normal subgroup, the 
importance of Example 18.1.8 is that it shows that the converse is also 
true, that is, every normal subgroup N of a group G is the kernel of 
some homomorphism, it is the kernel of the homomorphism f: G — G/N 
defined by f(x) =xN for x € G. 


Suppose now that two elements x, y € G map to the same element under 
a homomorphism f: G > H. What can you say about x and y? The answer is 
that they belong to the same coset of ker f in G. 


Theorem 62 


Let fbe a homomorphism from a group G to a group H. Then f(x) = f(y) if, and 
only if, x and y belong to the same coset of ker f in G. 


Proof 


If. Let K= ker f. Suppose that x and y are in the same coset of K. Then xK = yK, 
so, by Theorem 45 part 1, xty e€ K. Then f(x) 'fty) = fx f(y) = fry) = ey, and 
so f(x) = fly). 

Only if, Suppose that f(x) =fly). Then fry) = flr)fly) = f@)fly) =e, This 
shows that xy € K and therefore that xK = yK. 


What You Should Know 
¢ What a homomorphism between groups is. 
¢ That the identity maps to the identity, and inverses map to inverses. 
¢ What the kernel of a homomorphism is. 
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e That the kernel of a homomorphism is a normal subgroup. 


¢ That two elements map to the same element under a homomorphism 
if, and only if, they belong to the same coset of the kernel. 


EXERCISE 18 


1. Let f: G— H be a homomorphism from group G to group H. Prove 
that the image of a subgroup of G is a subgroup of H. 

2. Let f GH be a surjective homomorphism from group G to 
group H. Prove that if G is cyclic, then H is cyclic. 


ies) 


. Let G be a group and let a be any element of G. Prove that f: (Z, +) > G 
defined by f(n) = a" is ahomomorphism. 


4. Determine which of the following functions of groups G > H are 
homomorphisms. For those which are homomorphisms, determine 
the kernel: 


a. f: (R* x) > (R% X), where f(x) = |x| 
b. f: (R,+) > (Z, 4), where f(x) = the largest integer < x 
c. fi (Z,+) > (Z, +), where f(x) =x+1 
d. fi (R* x) > (R%, X), where f(x) = 1/x 
. Let fi G-> Hand g: H > K be homomorphisms of groups. Prove that 
gf: G > Kis ahomomorphism. 


ol 


6. Let f: G > H be a homomorphism of groups. Prove that f is injective 
if, and only if, ker f= {eg}. 


19 


The First Isomorphism Theorem 


19.1 More about the Kernel 


Suppose that f: G > His ahomomorphism of groups and also a surjection. 
In Chapter 17, you saw that the kernel of a homomorphism consisted of 
those elements which map onto the identity element, and that the solution 
for x € G of an equation such as f(x) =a is a coset in G. You find one element 
g € Gsuch that f(g) =a, and then you find the coset gK, where K = ker f. 
It is quite likely that you have seen this situation before, but not in abstract 
form. 


EXAMPLE 19.1.1 


Suppose that you wish to find all the roots of the complex equation 
z° = 81. One method is first to find one solution of z* = 8, and then multi- 
ply it by all the solutions of the equation z3 = 1. 

This is a concrete example of a group homomorphism. In (C%, x), con- 
sider the function f: (C*, x) > (C*, x) given by f(z) = z?. Itis ahomomorphism 
because f(2Z:)f(Z2) = 2723 = (2:22) =f(ZZ2) for any complex numbers z, 
and z,. 

In this case, one root of z3=8i is 2(costz+isiniz). The kernel 
K of the homomorphism is the set of solutions of the equation 
z3=1, that is, K=}1,cos?z+isin4z,cos4z+isin4 mh. So the roots 
of z°=8i are the elements of the coset 2(cost 4+ isintz)K, that is 
{2(cost.r+ isin? 2),2(cosiz+ isin z),2(cos$z+isin37)}. The third 


root is actually —2i. 


Note that you would have got the same result if you had noticed 
that one root of z? = 87 is —-2i, and then multiplied it by all the ele- 
ments of the kernel to get the coset containing —2i. 


EXAMPLE 19.1.2 


Let (D, +) be the set of twice differentiable functions. This is a group under 
addition of functions defined by the equation (f, + f,)(x) =f,(x) +fr(x). 
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Consider the differentiation function d: (D, +) (D, +) defined by 
d(f) = df/dx. 

Notice first that the function d is a homomorphism, because 
A( fi) + d( fo) = df, /dx + df,/dx =d(fi + fr)/dx =d(fi + fr). 

Now consider the differential equation df/dx = 2x. First you find any 
solution of df/dx = 2x, say x?. Then you find the kernel of d, that is, the 
set of solutions of the equation df/dx =0. The kernel is given by K=R, 
since constants, and only constants, differentiate to give 0. Combining 
the solution f= x? with the kernel, you find that all solutions are given by 
x? +c, where c is a real constant. 


EXAMPLE 19.1.3 


This is really an extension of Example 19.1.2. Suppose that (D, +) is the 
group of twice-differentiable functions under addition. Consider the 
function d: (D, +) > (D, +) defined by d(f) = df/dx + f. 

Now consider the differential equation df/dx + f = 2. First you find any 
solution of df/dx + f=2, say f(x) =2. Then you find the kernel of d, that 
is, the set of solutions of df/dx + f=0, namely f(x) = Ae*, where Ae R. 
Combining the solution f(x) = 2 with the kernel, you find that all solu- 
tions are given by f(x) = Ae*+ 2. 


When solving differential equations, the kernel is often called the 
complementary function, and the other solution is called the par- 
ticular integral. In Examples 19.1.2 and 19.1.3, it is not suggested 
that you solve these particular equations by the method involv- 
ing cosets. However, it is always useful to be able to see elemen- 
tary and familiar methods in a wider, abstract, context. It helps 
to understand the abstract context better. In Examples 19.1.2 and 
19.1.3, to be sure that you have all the solutions, you do actually use 
the group theory results about cosets. 


19.2 The Quotient Group of the Kernel 


The kernel of ahomomorphism of groups is a normal subgroup (see Theorem 
61). Therefore, the set of cosets of the kernel forms a quotient group under the 
operation induced by the group operation. 


EXAMPLE 19.2.1 


In Example 18.1.1, you considered the function from (Z, +) to the group 
({1, i, - 1,—i}, x) defined by f(n) =i". You also showed that this function 
was a homomorphism. The kernel K = {n € Z: i" = 1}, which clearly con- 
sists of the multiples of 4, is 4Z. The quotient group is Z/4Z, which has 
the four elements, 4Z, 1+4Z,2+4Z, and 3+ 4Z. 
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EXAMPLE 19.2.2 


In Example 18.1.7, you saw that the function f: Z, x Z,— Z, x Z, given 
by fim, [1])) = (Im, [n],), was a homomorphism, and that the ker- 
nel K={({O]s, [0]:), (2le, [0l.), (Ols, [21:), (2s, [2l)}- There are 16 
elements in Z, x Z,, and four in K so the number of elements in the 
quotient group (Z, x Z,)/K is 16/4=4. Four cosets are K, ([1],, [0],) + K, 
([O],, [1],) + K and (1), [1],) + K. These cosets are distinct, for suppose that 
(lila, a) + K = ([Ala, (4) + K where i, j, k, le {0, 1}. Then, by Theorem 45, 
([k — i]s, [2- fla) = (ela, (a) - (da, [7]la) € K. But satisfying both the condi- 
tions ([k — i], [! — fly) € K and 1, j,k, 1 € {0, 1} is impossible unless i = k and 
j=l. Therefore the four cosets are distinct, and are the elements of the 
quotient group (Z, x Z,)/K. 

This is not a cyclic group since every element has order 2. So it is iso- 
morphic to the only other group of order 4, namely Z, x Z;. Therefore 
(Z, x Z4)/K = Z, x Zp. 


19.3 The First Isomorphism Theorem 


You may be able to guess at the theorem which is coming, from Examples 
19.2.1 and 19.2.2. If you have a surjective group homomorphism f from a 
group G to a group H, then the group of cosets of the kernel is isomorphic to 
the image. You may find Figure 19.1 helpful. 


K=kerf 


FIGURE 19.1 
The kernel of a surjective group homomorphism. 


On the left you see four elements of G, the identity e, two elements x and 
y, and their product xy. On the right are the images in H of these four ele- 
ments under the homomorphism. The homomorphism relation f(xy) = f(x)f(y) 
becomes, in this case, f(xy) = st, exhibiting the fact that the product xy in G 
maps to the product st of s and t in H. 

The shaded region at the bottom of G represents ker f, written as K. The 
shaded piece xK is the coset of K in G which contains x. Similarly shaded 
are the cosets containing y and xy, namely yK and (xy)K. Notice that these 
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cosets, which are in the quotient group G/K, combine according to the rule 
(xK)(yK) = (xy)K. 

So the group of shaded cosets on the left of the diagram is isomorphic to 
the image on the right of the diagram. 

Here is a formal proof of the theorem, which is sometimes called the First 
Isomorphism Theorem. 


There is some variation in the terminology here. There are several iso- 
morphism theorems, (only one of which will be included in this book), 
and some authors give the name First Isomorphism Theorem to one of 
the others. 


Theorem 63 


The First Isomorphism Theorem: Let f: G— H be a homomorphism of 
groups. Then G/ker f= imf. 


Proof 


Let K=ker f and the image of f be im f. First note that as K is a normal 
subgroup, by Theorem 61, G/K is a group, and that im fis a group because 
it is the image of a group under a homomorphism (Exercise 18, question 1). 


The proof now comes from pulling together two separate strands: the 
work on equivalence classes, in particular Theorem 56, and Theorem 62 
on homomorphisms. 


Applying the work of Section 16.4 to the function f: G — H, there is an 
equivalence relation on G given by x ~ y if, and only if, f(x) = f(y), and a bijec- 
tion 6: G/~ > im f given by Ax) = f(x) for xe G. But, by Theorem 62, the 
equivalence classes of ~ are the cosets of K=ker f; that is, ¥ =xK for each 
x € G. So @is the function G/K > im f given by 6(xK) = f(x). 


You now have to show that @ is an isomorphism by showing that it has 
the homomorphism property that 0(xK)(yK)) = 0(xK)@(yK). 


A(xK)(yK)) = A(xy)K) Combining cosets in G 
= f(xy) Using the definition of 7 
= f(x) f(y) f isa homomorphism 


= AxK)AyK) The definition of 0 
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Therefore @ is an isomorphism. 


This theorem throws up pairs of groups that are isomorphic. Some of 
the pairs may be surprising. 


EXAMPLE 19.3.1 

Consider (Z,+) and (Z,,+) and the function fi (Z,+)— (Z,,+) 
defined by f(m)=[m]. This function is a homomorphism since 
fm) + fim) = [m] + [m,] = [m, + m,] = f(m, +m). The image of f is the 
whole of Z,,. The kernel is the subgroup nZ. So, by the First Isomorphism 
Theorem, Z/nZ = Z,,. 


EXAMPLE 19.3.2 


Let (M, x) be the group of invertible 2 x 2 matrices with real entries 
under matrix multiplication and (R*, x) be the set of nonzero real num- 
bers under multiplication. 

In Example 18.1.2, you saw that f:(M, x) > (R*, x) defined by f(A) = det A 
was a homomorphism. The kernel of fis the set U of matrices with deter- 


z 0O 
minant 1. The image is R*, as, given a real number z, de ; = z. By the 
First Isomorphism Theorem, M/U = R*. 


EXAMPLE 19.3.3 
Let f: (R, +) > (C*, x) be defined by f(x) = e?*. This is a homomorphism 
because f(x+y)=e7™'Y =e? = F(x) f(y) . 

The kernel is the set of real numbers x such that e27* = 1, that is Z. The 
image is the set T of complex numbers with unit modulus, that is, the set of 
complex numbers which lie on the unit circle. So R/Z = T, the set of com- 
plex numbers on the unit circle. The First Isomorphism Theorem indicates 
that the operation of complex number multiplication on numbers of unit 
modulus is the same as adding the angles at the centre of the circle. You 
can also think of this as the real axis being bent round the unit circle. 


EXAMPLE 19.3.4 


Let G be a group, and let a be any element of G. Then, from question 3, 
Exercise 18, f: (Z, +) > G given by f(n) =a" is a group homomorphism. The 
image of f is (a), and ker f= {m € Z: a" =e}. 

If a has infinite order ker f= {0}, by Theorem 16, part 1. 

If a has finite order n, then ker f=nZ, by Theorem 16, part 2. 

Hence, if G is cyclic, (so that f is surjective), then, by the First 
Isomorphism Theorem: 


if G is infinite cyclic, then G = Z 
if G is finite cyclic, order n, then G = Z/ nZ. 


This is an alternative way of looking at the result of Theorem 35. 
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What You Should Know 


¢ How to solve equations involving homomorphisms. 
e The First Isomorphism Theorem and its meaning. 


¢ How to use the First Isomorphism Theorem to prove that two groups 
are isomorphic. 


EXERCISE 19 


1. Let S, be the group of permutations on 1 symbols, and let A,, be the 
alternating subgroup of S,,. Show that A,, is anormal subgroup of S,, 
and that S,,/A,, = ({1, — 1}, x). 

2. Find a surjective homomorphism f: (C*, x) > (R*, x), and then apply 
the First Ismorphism Theorem to it. 

3. Let a be a fixed nonzero vector in three-dimensional space R°, and 
let f: (R°, +) > (R, +) be defined by f(x) = a.x, the scalar product of x 
with a. Show that fis a homomorphism, and identify the conclusion 
of the First Isomorphism Theorem. 

4. Let G be the group ({a+ bi: a, b € Z}, +) and let H be the normal 
subgroup ({2@ + 2bi: a,b € Z}, +). Identify G/H. 


5. Let p and q be positive integers. Prove that Z,,/(pZ),, =Z,, where 
(PZ) pq = {[O] 4 [Plage [2P pq, eee [(4q-V)p]pq}- 


Answers 


Chapter 1 


1. Let the odd numbers be 2m+1 and 2n+1. Then, the product is 
(2m + 1)(2n + 1) =4mn + 2m + 2n+1=22mn+m-+n)+1 which is an 
odd number. 


2. Suppose there are positive whole numbers m and n such that 
nv’ —n?=6. Then (m+n)\(m—n)=6. The only integer factorizations 
of 6 are as follows: 6 = (1)(6), 6 =(-1)C-6), 6 = (2)(8), and 6 = (-2)(-3). 
So, as m+n>m—n>O, either m+n=6 and m—n=1, or m+n=3 
and m —n= 2. Thus m = 3%, n = 2% or m= 244, n = %. In each case this 
leads to a contradiction, so the supposition is false. 


3. 2 +n=n(n +1). This is the product of two consecutive integers, so 
one of them is even. The product is therefore even. 


4. You would need to turn over the first to check that it was not striped, 
and the last to check that it is a diamond. (The second card doesn’t 
matter, because it could be either checkered or striped: the third 
doesn’t matter because, as it is checkered, it could be a diamond or 
not a diamond.) If the first card is not striped and the last is a dia- 
mond, then the statement is true. If either the first card is striped or 
the last is not a diamond, then the statement is false. 


Ol 


. If you attempt to follow through with /4 = a/b, you get a? = 4b?, so 
you can then deduce that a* is a multiple of 4, but you cannot go on 
to deduce that a is itself a multiple for 4. It breaks down because 4 is 
not prime; see Theorem 4. A simple counterexample is 4 divides 6’, 
but 4 does not divide 6. 


6. Consider x = -—2. Then —2 < 1 is true, but (2? =4 and 4>1.S0x=-2 
is a counterexample. 


If Ja+b =VJat+Vb , then, by squaring, a+b=a+ 2Vab +b. Therefore 
2VJab =0 giving Jab = 0. Therefore ab = 0, so either a =0 or b=0. 

8. If Suppose that pq is odd, and that one of p and 4q, say p, is even. 
Then p=2m for some integer m, and pq =2mq=2(mgq) is divisible 
by 2, which is a contradiction. Therefore, p and q are both odd. 
Only if. See Question 1. 


N 
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9. Let N=a,10"+a,_,10"1+---+a,10 +a, where 0<a,<10 for all 
i=0,1,...,n. 
Necessary. Suppose that 9 divides N. It follows that 9 divides 
a,10" + a,_, 10"! + --- +4,10 + a). But for all i, 10’ leaves remainder 1 
on division by 9. So Nand a, + «+» + ajhave the same remainder when 
divided by 9. But as 9 divides N this remainder is 0, so a, + «+ + a is 
divisible by 9, so the sum of the digits is divisible by 9. 
Sufficient. Suppose that 9 divides the sum of the digits, that is 9 
divides a,, + --- +d). Then 9 also divides the sum 


n 9s 
(ay ++++9)+| 99...9a,...9a, |=N. 


_—>S—EE=TZ 
Chapter 2 


1. a. Properly defined. 


This is debatable. April 1 means a different time in Japan from 
the time in the USA and there is the question of what exactly 
constitutes the time of birth. If issues such as these can be settled, 
the set may be well defined. 


c. This is well defined, although you might have difficulty in find- 
ing A. 
2.a. True. 
b. False. See definition. 
c. True. 
3. {-2, -1, 0, 1, 2} No. 


4. Letx € Z. Then x=x/1 where xe Zandle Z*,soxe Q. 


. 2Z c Zis true, because if y € 2Z then y = 2x for some x € Z,soye Z. 
Z ¢ 2Z is not true; for example, 3 € Z, but 3 ¢ 2Z. 2Z is the set of even 
numbers. 


6. Part 1: Proof that if A U B= B then A M B= A. Suppose thatx € AB. 
Then x € A (by definition of AM B). Hence AN BCA. Now sup- 
pose that xe A. Then xe AUB (by definition of AU B), so xe B 
(by hypothesis). Therefore xe A and xe B, so xe ANB. Hence 
ACAQCB. Therefore A =A OB. 

Part 2: Proof thatif A 7 B= Athen A U B =B. Suppose thatx € A UB. 
Then xe€ A or xe B (by definition of AU B). Suppose that x € A. 
Then, since A=AMB, xe ANB, so xe B. Either way xe B, so 
AUBCB. Now suppose that x € B. Then, x € A UB (by definition 
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of AUB). So BCAUB. Therefore AU B=B. Therefore, the state- 
ments A U B= B and A  B =A are equivalent. 


In fact, these two statements are also equivalent to the state- 
ment A c B. See Example 2.71. 


7. Part 1: Proof that AN(BUC)C(ANB)U(ANC). Suppose that 
xe AN(BUC). Then xe A and xe BUC. Therefore xe A and 
(x € B or xe C). So either (xe A and xe B) or (xe A and xe C). 
Hence x € (ANB) VU(ANC)SOAN (BUC) C(ANB)U(ANC). 
Part 2: Proof that (A MB)U(ANC)CAN(BUC). Suppose that 
xe (ANB)U(AN OC). Then either (x € A and xe B) or (xe A and 
xe C),soxe Aand (xe Borxe C). Therefore xe AN (BUC). 


8. a. True. 
b. False. In fact, if A c (A 7B), then A cB. 
c. True. 
d. True. 
e. False. This statement is true for some sets A. For instance, sup- 


pose A = {abstract ideas}; then A € A. 
False. See definition. 
g. False. In fact, (A U B) c (AB) if, and only if, A = B. 


Part e is close to Russell’s Paradox. Let X ={A: A ¢ A}. Then 
Xe X if, and only if, X ¢ X. The barber paradox is: The bar- 
ber shaves everyone who does not shave himself. The barber 
does not shave anyone who does shave himself. Who shaves 
the barber? The answer is that the situation cannot exist. 
Also, the situation of the “set of all sets” cannot exist (without 
modification). 


9. Suppose that xe B. Then |x-1| <2, so 2<x 1<2 or -1<x<3. 
Hence -3 <x <3 (this is a weaker inequality). So xe A. Therefore 
BCA. 


10. The statement is true when A has one element. There are two subsets, 
@ and A. Suppose that the statement is true for n =k, and consider 
the set consisting of k + 1 elements, 41, a, ..., a, together with the ele- 
ment x. Then to every one of the 2 subsets of {a,, a, ..., a, you can 
either add x, or not. There are thus 2 x 2‘ = 2*+! subsets of a set with 
k +1 elements. So, if the statement is true for n =k, it is also true for 
n =k +1. Therefore, by the principle of mathematical induction, it is 
true for all positive integers. 
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Chapter 3 


1. a. Binary operation. 

Binary operation. 

Not a binary operation; you cannot divide by zero. 
Not a binary operation; 27 is not defined in Z. 
Binary operation. 

Binary operation. 


Binary operation. 


Pwd wo an TF 


Binary operation. 


me 


Not a binary operation; not all matrices are conformable for 
multiplication. 


Not a binary operation; det (A — B) is not a matrix. 


—. 


k. Nota binary operation; (-1)'”? is not defined. 


Chapter 4 


1. Suppose that m =6, n=4, and a=3. Then m and n are not relatively 
prime. Since 6 divides 12, m divides na, but 6 does not divide 3, so m 
does not divide a. Therefore, the result in Theorem 2 is not true if m 
and n are not relatively prime. 

2. Suppose that m=6, n=10, and k=30. Then, m divides k and n 
divides k. However, mn =60 does not divide k=30. Therefore, the 
result in Theorem 3 is not true if m and n are not relatively prime. 


3.a. True. 
b. True. 
c. False. 5 = -13 (mod 3), as 3 divides 18. Therefore 5 # -13 (mod 3) 
is false. 
4.a. 1. 
b. 0. 
c 3. 
d. 0 


ol 


. Testing the numbers 0, 1, 2, ..., 10 in turn, you find that 5 and 6 are the 
only solutions. Or if you factorize the equation x? — 3 = 0 (mod 11) 
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which is the same as x? + 8 = 0 (mod 11) to get (x + 6)(x + 5) 
= 0 (mod 11), so, using Theorem 8, x = —6 (mod 11) or x = -5 (mod 11) 
leading to the only solutions in the range 0 to 10 being x= 5 or x =6 
as before. All other integers congruent, modulo 11, to either 5 or 6 are 
also solutions. 


Notice that Theorem 8 guarantees that there are only two solu- 
tions modulo 11, because 11 is prime. 


6. a. Suppose first that a< b. Then min@, b) =a and max(a, b) =b. So 
min(a, b) + max, b)=a+b. But if a=b, then min @, b)=b and 
max(a, b) =a. So min@, b) + max(@, b)=b+a=ar+tb. 

7.a. If h, is the GCD then since h, divides both a and b, by property 
(ii), hy <h,. Similarly, h, < h,. It follows that h, = hy. 

b. Suppose first that a < f. Then p*is a divisor of p’, as well as being 
a divisor of itself. So p* is a common divisor of p* and p’. Also, no 
other common divisor of these two integers (being a divisor of 
p”) can be greater than p*. So p*is the GCD of p* and p’. Similarly, 
if 6 <a, the GCD is p’. Therefore the GCD of p? and p’ is pin), 

c. By Note 2 after Theorem 5, the divisors of p:“p.™...p,°" are 
pps oe i, , where 0 <4; <a; for i=1, 2, ...,n, and the divisors 
of pps ...p/* are pp.” ...p,/*, where 0< 4; <; for i=1, 2, 
..., 1. So the common divisors are all the numbers p,“p2° ...p," 
where, for each i, ¢,20 and e; is less than, or equal to, both a; 
and #;,. It therefore follows that the greatest common divisor is 
Pi" po’? ...Py?", where y; = min{a, f,} for i= 1, 2, ..., n. 

8. a. If, is the LCM then since /, is a multiple of both a and b, by prop- 
erty (ii), 1, <1. Similarly, 1, <1,.S0],=h. 

b. Suppose first that a< f. Then p’ is a multiple of p*, as well as 
being a multiple of itself. So the LCM of p* and p’ is p’. Similarly, 
if 8 <a, the LCM is p*. Therefore, the LCM of p? and p? is pm, 


c. Write a= pp," po” ...p,", b= pepe ... py and c= Pip.” Da”, 
where 6;=max{a;, 2} for i=1, 2, ..., n. As 6;2 a; and 6,2 f; for 
each i, c is a multiple of both a and b. Now let d be any other com- 
mon multiple of both a and b. Then, for each i, d is a multiple of 
both p;“ and p# and so is a multiple of p;*. As p,% and p2” are 
relatively prime, it follows from Theorem 3 that d is a multiple 
of 4" >”, Then, as pop” and p3® are relatively prime, d is a 
multiple of p,*p.%p;” (again using Theorem 3). Continuing in 
this way, it follows that d is a multiple of c and soc < d. Therefore 
cis the LCM of a and b. 
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9. Using the notation of questions 7 and 8, 


ab =p," pr” pane pi” ig = po Ape ee 


and 
hl = pi pr” KO De pe ie = perp Re ake 


But, from question 6, a; + $;= y;+ 6; for each i. Therefore, ab = hil. 


——Eaaa 
Chapter 5 
1. 
1 5 7 11 
1 5 7 11 
5 | 5 1 11 7 
7 | 7 iW 1 5 
11 | 11 7 5 1 
It is a group table. 
2. 
I F G H kK L 
I Lo BG EK EG 
BE cE 8Gs UY bs aR 
G/|G I F kK L HA 
H|}H kK L I FG 
K|K L H G I F 
L|L H K F Gi I 


The closure, identity, and inverse properties follow from the work 
done in producing the table. 


ies) 


. To check whether © is a binary operation on R — {-1}, notice first 
that xe ye R. But could xe y=-1? If xc y=-1, then x+ y+xy=-1, 
x+ytxy+1=0, *+1)(y+1)=0 so that x=-1 or y=-1. Since 
—1 ¢ R- {+1} the operation ° is closed on R — {—1}. The operation ¢ is 
associative, (x°y)°z=(X+Y+XY)°Z=XFYH+XYAZANZ+YZ+ XYZ 
and alsoxe(yozj=xo(ytz+yz)=xX+Yyt+Z+yz+xy+xz+ xyz. The 
identity element is 0, since x°0=x+0+0=xand0°x=0+%x+0=x. 
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Finally, the inverse of x is —-x/(1 + x), which ER because x # —1, since 
xox/(1+x)=x-x/(1+x)-x*/(1 +x) =0, after some manipulation, 
and also -x/(1+ x) ox =-«/(1+x)+x-2x?/(1 + x) =0. Notice also that 
—x/(1+ x) #-1,so-x/(1+ x) e R- {+t}. 

4. Align the rectangle with the axes. Let I be the identity, X be a reflec- 
tion of the plane in the horizontal axis, Y be a reflection of the plane 
in the vertical axis, and R be a rotation of the plane about the center 
of the rectangle of 180°. Then, the table is 


| I xk Y R 
I) I xX Y R 
xX |X I R Y 
Y;|Y R I X 
R|R Y xX I 
5. 
1 3 7 9 
Lede 3B 2 9 
3/3 9 1 7 
7|7 1 9 3 
9/9 7 3 1 
6. 
1 2 4 8 
1;1 2 4 8 
2/2 4 8 1 
4/4 8 1 2 
8/8 1 2 4 


If you rename the elements 1, 2, 4, and 8 as 1,3, 9, and 7 respectively, 
and alter the orders of the rows and columns, the tables become 
identical. There are also other possibilities for renaming that make 
the tables look the same. 

7. If a2 =a, then aa?) = aa =e, and a“(a’) = (a aja = ea =4, giving e =a. 
Alternatively, you could use Theorem 14, part 4, and cancel a from 
aa =a =ae, giving a=e immediately. 
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8. Let a and b be any two elements of G. Then ab is also an element of 
G, so (ab)? = e. Therefore abab = e. Multiplying both sides of this equa- 
tion on the left by a! and on the right by b™ gives atababb™ = a'eb+ 
or ba =a"b". But since a2 =e, a=a™ and since b? = e, b = b“. Therefore, 
ab" = ab and hence ba = ab. Therefore, G is abelian. 

9. To show that a set with a given operation is not a group, it is suf- 
ficient to give one reason only. Thus, you may have different, but 
equally valid, reasons for saying that something is not a group. 


a. Nota group since 1+ 1=2, and the operation is not closed. 


b. This is a group. Call the set G. If a and b are any elements of 
G, a=2"5" and b=2r51 for some m, n, p, qe Z. Therefore, 
ab = 2"5"2P57 = 2"?5"1, and since m+p, n+qeé Z, abe G. The 
operation is associative on G since multiplication is associative 
in R. 1=2°5%e G since 0€ Z. But 1g=91 =¢ for all ge R, and 
G is a subset of R. Finally, if a=2"5" € G, then 25" € G and 
a2 5" = Qmh"Q-m51 = Qnemhr—n — 2050= 1. Similarly, 25" a=1. 
Therefore, 2-°"5-" is the inverse of a= 25" in G. Therefore, the 
set of all numbers of the form 2”5" (m,n € Z) is a group under 
multiplication. 


c. Nota group. If you look for an identity element 
such that 
for every 
you find that, for a= 0 and b = 1, 
OF 0). (0°) Die ay Oe 1 
0 Oo} \o ojo o} lo oy 


There are no values of x and y that satisfy this equation. 
d. Nota group. 
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and 


are both members of the set, but 


; 4 v2 0) { v2 0 
jie | Von es ea be 6 
As 1+J2 €Q, there is no closure. 


10. You can easily check by writing out all the possibilities that the set 
is closed. Putting the results in a table will help to show that you 
haven't missed any. Or you could note that each of the matrices can 
be written as 


0 (1) 


for m,n € Z, and then write out a general argument, rather like the 
one in question 9, part 2. In general, matrices are associative under 
matrix multiplication, so this set is associative. The matrix 


acts as the identity, and from the table you see that all the matrices 
are self-inverse. 


11. Let m and n be positive integers. Then 


mtimes n times m+n times 


m+n 


i lle aii ED eo ED i oD ei 


n times 


mtimes m times m times mn times 


(x0 )" = XK. KKK KS KS, 


m times n times 


n -1 


baie: Sie 3 A a Se ae 
Suppose first that m>n. Then, cancelling m-—n of the products 
xxl, you reach the result 


m —n times 


ge ye 
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Now suppose m <n. Then, cancelling n —m of the products xx, 
you reach the result 


But if m<n, 


n—m times 


FF 
xm a tyt it 


by definition. Therefore, x"x"=x"". Finally, suppose that m=n. 
Then 


m times m times 


=xx...xx txt xt=e. 


n 


aie ol 

But x""=x"m= x9 =e, so, once again, x"x"=x"", Therefore, 

xx" = x"—" when m and n are any positive integers. »°"x-" = x7" by 

arguments similar to the first line. From all these cases, we have that 
xx = xs for alls, te Z. 


The result x-” = (x)! =(x7)”" comes directly from the definition. 
So 


ae Bi = (any ie = (6 ie = xm) 
aes = (Gen) Cau Ya xn) xo 
Gry 2 ((x-")" a oa Gem) a x omn ee mn) | 


Therefore, (x°)' =x" for alls, te Z. 

Also x" =(x")1 =(x1y"; so x* =(x°) 1 =(x') for alls € Z. 
12. True. See definition. 
True. For example, the identity. 


False. (Z, +) is infinite. 


False. e has order 1. 
False. It should be n divides N; see Theorem 16, part 2. 


a 

b 

c 

d. False. For example, the group {e}. 
e 

f 

g. False. See D; in Example 5.2.2. 


s/h 


13. First notice that (x*)"" =x"" =(x")"" =e e. By Theorem 16, 
part 2, the order of x* divides n/h. Suppose that m is a positive inte- 
ger such that (x°)” =e. Then x*" = e, and so n divides sm, by Theorem 
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16, part 2. Therefore, n/h divides (s/h)m. But n/h and s/h are rela- 
tively prime. For if d>1 were a common divisor of n/h and s/h, 
then dh > h would be a common divisor of n and s, contrary to the 
fact that h is the greatest common divisor of n and s. Therefore, by 
Theorem 2, n/h divides m. So n/h < m. Therefore, (x*)"" is the small- 
est power of x* to equal e. Therefore, the order of x° is n/h. 


Chapter 6 


1. The subgroups are {6}, {6, 4}, and {6, 4, 2, 8}. The only proper subgroup 
is {6, 4}. 

2. Let x, ye H. Then (xy)=xyxy, and, since G is abelian, 
xyxy = x?y?=ee=e, so (xy’=e and therefore xy e¢ H. Since e?=e, 
e€ H. Forxe H,x?=e,8s0 x°x? = xe, ore= x? = (x! and so x' € H. 
Therefore, by Theorem 20, H is a subgroup of G. 

3. Let x, ye H. Then (xy)?=xyxyxy, and, since G is abelian, 
xyxyxy = x8y° = ee =e, so (xy)>=e and therefore xy € H. Since e°=e, 
ee H.Forxe H, x2 =e, so x°x = xe, ore =x = (x) and soxte H. 
Therefore, by Theorem 20, H is a subgroup of G. 

4. Let x, y € H. Let x have order and m and y have order n. Then, as G is 
abelian, (xy) = x™™ym" = (x")"(y")" = e"e™ =e. Therefore xy has finite 
order, so xy € H. As e! =e, the order of ¢ is finite, so e € H. For x € H, 
if x has finite order m, x” = e. Then xx" = 2x-e, and e = x", and there- 
fore (x)"=e, and x" has finite order. So x € H. Thus, by Theorem 
20, H is a subgroup of G. 


True. 


False. In (C*, x), the order of 7 is 4. 


. False. The group of invertible matrices under multiplication is an 
infinite group, and the matrices which have determinant 1 form 
a non-abelian subgroup. 


a 
b. True. See Example 5.2.2. 
c 
d 


e. False. The trivial group consisting of {e} alone, has no proper sub- 
groups. More significantly, the group Z,, where p is prime, has no 
proper subgroups. 

6. Let x, ye ANB. Then x, y € A and x, y € B, and as A and B are 
subgroups, xy € A and xy € B.So xy € AB. As A and B are both 
subgroups,ee Aandee B,soee ANB. Letxe ANB. Thenxe A 
and x € B. So, as A and B are subgroups, x! € A and x'« B, so that 
x1te AB. So, by Theorem 20, Am B is a subgroup of G. 


It is not true that A U B is a subgroup of G. Consider the group D? 
in Example 5.2.2. {I, X} and {I, Y} are subgroups, but {I, X, Y} is not. 
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7. Since a € H, and H is a subgroup, a*=aa € H. And since ae H and 
a’ € H,aa*=a' € H. It follows, by induction, that a" <« H forallne N. 
Similarly, since a € H, and H is a subgroup, a“ € H, and therefore 
a € H,forallme N. And finally a° =e € H because His asubgroup. 
Therefore, since @) = {a": n € Z}, it follows that @) c H. 


8. If Suppose that ab" € H for alla, be H. Since H is nonempty, there 
exists an element x ¢ H. Therefore xx!¢ H, and so ee H. And 
since e, xe H, x'=ex'e H. Finally, for any x, ye H, as y'e H, 
xy =x(y")" € H. Therefore, by Theorem 20, H is a subgroup of G. 
Only if. Suppose that H is a subgroup of G. Then H is nonempty, 
since e € H. Then for any element y € H, its inverse, y! € H. Thus, if 
x,y € H, then x, y* € H, and, by Theorem 20, xy7 € H. 


9. Let x, y € H. Then gxy = xgy = xyg, as gx = xg and gy = yg. Therefore 
g(xy) = (xy)g, so xy € H. Also ge=g =e, so ec € H. Finally, let x € H. 
Then, as gx=xg, x'gxxt=xtxext, xlge=egx! and x'!g=gxl. 
Therefore x1 € H. Therefore, by Theorem 20, H is a subgroup of G. 

10. As H is a subset of K, and K is a subset of G, H is a subset of G. 
Then, as H is a subgroup of K, His a group under the operation of 
K; and as K is a subgroup of G, K is a group under the operation 
of G. So, H is a group under the operation of G. Therefore H is a 
subgroup of G. 


Chapter 7 
1. Show that 2 (or 8) is a generator. 2! = 2, 2? = 4, 23 = 8, and 24= 6, so 2 is 
a generator for ({2, 4, 6, 8}, x mod 10), which is therefore cyclic. 


2. Proper subgroups of a cyclic group of order 12, with generator g, are 
te, 8h, le, 8%, 8h, le, 8 8% Sh, and {e, 7, 87, 8, 8°, 8}. 


If you look forward to Theorem 51, you will see that these are 
the only proper subgroups of this group. 


3. 1 and 5. 
4. a. True. 
b. False. In Z,, 1 and 3 are generators, but 2 is not. 
c. True. See part 2. 
d. False. See Theorem 23. 
e. True. See Theorem 22. 
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f. False. See Example 7.2.3. 


g. False. For suppose z is a generator. If |z| #1, no power of z can 
equal i. If |z| = 1, no power of z can equal 2. 


5. For any nonzero element g € R, +g is an element of R which is not 
an integer multiple of g. Therefore g is not a generator. Therefore the 
abelian group (R, + ) has no generator and so is not cyclic. 


Remember that when you use additive notation for a group, 9” 
becomes ng. 


6. a. Not cyclic. 5? = 1, 7? = 1, and 11? = 1, so there is no generator. 
b. Not cyclic. The argument is the same as for question 5. 


Not cyclic. First note that an infinite cyclic group cannot have an 
element of finite order, except for the identity. For if a is a genera- 
tor of the infinite cyclic group, and b(¥ e) is an element of finite 
order, then b4 = e for some positive integer d, and, since a is a gen- 
erator, b=a" for some positive integer n. Therefore a =e, so a 
has finite order and the group cannot be infinite. But T is infinite, 
and does have elements of finite order other than the identity; for 
example, —1 has order 2. Therefore, T is not a cyclic group. 


d. Not cyclic. Suppose that a+ bi is a generator. Then, as ie Z[i], 
i=n(a+ bi) for some integer n. So, equating real and imaginary 
parts, na=0 and nb=1. The only solutions are n=1, b=1, and 
a=0, giving i, orn =—1,b=-1, anda =0, giving —i. But neither i nor 
—iis a generator, as no number of the form mi or n(-1) can equal 2. 


Pe eC(‘iY 
Chapter 8 
1. a. False. Think of Z x Z. 
b. True. 
c. True. 
d. False. 


2. AXxBxC={(a,b,c):aE€A,beB,ceC}. 
(0,0,0),(0,0,1),(0,1,0),(0,1, 4 


Zn X Zp XZy = 
ae ge 


3. Suppose that (a,b) € Zx Z. Then,ae Zand be Z. But Zc Q. There- 
fore,a€ Q and be Q,so (a,b) € QxQ. Therefore, Z x Zc QxQ. 
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This is a particular case of a more general situation. If A cS 
and BcT,thenAxBcSxT. 


4. You can interpret Z x Z as an integer grid of dots on the infinite 


ion 


sheet of paper R x R. 
3. 


. Let g, g€G and h,, hye H. As G and H are abelian, 9,9, 
=99, and h,h,=h,h,. Now consider (g1, 1)(%o, Ms) =(@i8y Myf) 
= (2281, Nghy) = (Bo, Ny) (81, hy), Showing that G x H is abelian. 


7. Since G is not abelian, there exist elements g,, g,¢€ G such 


y 


1, 


1 
1 


y 


0 
1 
1,2 
1,0 


y 


(1,0 
(1,0 
(1,1 
1,2 
0,0 
0,1 
0,2 


y 


Strictly Z, x Z, is not the same group as Z, x Z>. 


that 919) # 9.9). Let hy, h,¢ H. Then (91, M(x My) = (8182, Mh.) and 


(So M81 hy) = (S81 Myhy) and since 818) # 8.81 (S182 Myha) # (S281, MyM). 
Therefore (91, 1,)(%o, No) # (82, M(B Wy) showing that GXH is not 


9. (1, 1? = (2, 0), (1, 13 = © 2), (1, 1) = (1, 0), (1, 1)5= (2, 2), (1, 1) = ©, 0), so 


(1, 1) is a generator. You can check that (2, 1) is also a generator. All 
the other elements of Z; x Z, have at least one 0, so powers of these 
elements will also have at least one 0. So no element of Z, x Z,, other 
than (1, 1) and (2, 1), can be a generator. 


10. In G x H, (x, y)" = (x", y”), and as (x, y) has order n, (x, y)" = (@g, ey). Then 
Therefore, the order of x in G 


(x", y") = @c, ey), SO X" =e, and y 
divides n, and the order of y in H divides n. 
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Chapter 9 


= 


. As f(0) = f(a), f is not an injection, and as there is no element xe R 

such that sin x = 2, fis not a surjection. 

2. f(x) = e* is an example of a function f: R > R which is an injection but 
not a surjection. It is an injection because if f(x) = f(y) then e* = eY and, 
taking natural logarithms, x = y. However, f is not a surjection since 
there is no element x € R such that f(x) =0. 

3. f(x) = x9 — xis an example of a function f: R > R, which is a surjection 
but not an injection. It is surjective because it is always possible to 
solve the equation f(x) = c, or x°-— x =c, for x € R. (Think of the graph 
of a cubic.) Or alternatively, x? — x — c can be factored into the prod- 
uct of a quadratic and a linear function. Therefore, there is bound 
to be one real root, and possibly three, of the equation x° — x —c=0. 
However, fis not an injection since f(1) = 13 -— 1 = Oand f(0) = 0°-0=0, 
so f(0) = fl). 

4. a. Function. Not an injection as f(-1) = f(1); not a surjection as no ele- 

ment maps to —1. 
b. Function. Injection: If f(x)=f(y), then x3=y° leading to 
B-y=(x- yx? + xy + y’) =0, so either x=y or x27 +xy+y?=0. 
However, x? +xy+y? =(x+ ty) +3y’, which is the sum of two 
squares, and is only zero when both squares are zero, that is, 
when x=y=0. So, in both cases, x=y. Surjection: For x € R, 
x3 € Rand f(x!9) =x. 
c. Nota function because fis not defined at x = 0. 
Function. Not an injection as f(0) =f(2a); not a surjection as no 
element maps to 2. 

e. Nota function as fis not defined when x = 47. 

f. Function: See the answer to question 2. 

g. Function. Not an injection, since f(-l) = f(1); not a surjection, as no 
element maps to —1. 

h. Function. Not an injection, as f(1.1) = f(1.2) = 1; not a surjection, as 
no element maps to 0.5. 

i. Nota function, as fis not defined when x =-—1. 
j. Function. Injection: If fx) =f(y, x+1=y+1 and then x=y. 
Surjection: For a € R, f(a—1) =a. 

k. Nota function, as fis not defined when x = 2. 

1. Not a function; there is no smallest real number greater than a 
given real number. 


. Injection. If f(x) = fly), Vx = Vy . Squaring gives x = y, so f is an injec- 
tion. Surjection. If y is any element of the co-domain, then f(y?) = y, 


ol 
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so f is a surjection. As f is both an injection and a surjection, it is a 
bijection. 

6. Injection. Suppose that f(x) = f(y). Then 1/x = 1/y, so x = y. Surjection. If 
y is any element of the co-domain, then as y #0, 1/y is an element of 
the domain and f(1/y) = y. Therefore, as f is both an injection and a 
surjection, it is a bijection. 


Be 


Surjection: if m € N is even, m=2n where n > 0. For that n, f(n) =m; 

if me N is odd, then m-—1=0 and is even, so (1 — m)/2 is an inte- 

ger n <0. For that n, f(n) = m. Injection: If f(m) =f(n) where m > 0 and 

n>0, 2m=2n so m=n. If f(m)=f(n) where m<0 and n <0, then 

1-2m=1-2nsom =n. And if fm) =f(n) where, say,m<Oandn >0, 

then 1—2m=2n. But the left-hand side is odd and the right-hand 

side is even, an impossibility. As f is both an injection and a surjec- 

tion, it is a bijection. 

8. a. Youshould realize here that assumptions are being made that the 
function is a function f' R > R, and that a graph can be drawn 
in the high school sense. However, with these assumptions, a 
function is an injection if every line drawn parallel to the x-axis 
intersects the graph at most once. 

b. A function is a surjection if every line drawn parallel to the x-axis 
intersects the graph at least once. 

c. A function is a bijection if every line drawn parallel to the x-axis 
intersects the graph exactly once. 


9.a. False. fis not an injection since f(0) = f(1), and f is not a surjection 
since there is no element which maps to 1. 
b. True. 


True. See definition. 


i) 


d. True. f is an injection since for (x, y) and (p, g) in RXR, if 


fe, y) =flp, ), then (y, x)=] p), giving x=p and y=q, and 
hence (x, y)=(p, q). Also f is a surjection since, given (p, q) in 


RXR, @, p) maps to (p,q). 
10. a. Not an injection, because if p,(x)=x and p,(x)=x+1, then 
f(p:) =f(p.). f is a surjection because, given a polynomial p(x), 


(Jf ptnat) = peo. 


b. Nota function. Because of the constant of integration, f(p) is not 
uniquely defined. 


c. Injection, because if f(p,)=f(p.), then | p(t) at=| p2(t) dt. 
0 0 


Differentiating gives p, =p. Not a surjection because no func- 
tion integrates to give the polynomial 1. 
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d. Injection: If f(p,) = fip2), then xp,(x) = xp2(x), So p,(x) = p2(X) or p; = pr. 
Not a acs because no polynomial p has the property that 
fx) = xp) = 

11. Surjection: Let y € G Then f(yg?) = (yg?) g = y(ge)) = ye = y, so fis a sur- 
jection. Injection: If f(x) = f(y) then xg = yg and, by the cancellation rule, 

Theorem 14, part 4, x = y, so fis an injection. Therefore f is a bijection. 


This function shows that, for a finite group, all the elements in 
a column of the group table are different. A similar bijection 
f: G > G such that f(x) = gx shows the same for rows. 


Chapter 10 


1. Given ye A, y=1,(y) = g(f(y)), so g is a surjection. If f(x) = f(y) then 


(Ax) = (fy), so (g ° f(X) = (g ° f(y). Therefore, I4(x) = I,(y) so x= y. 
Therefore, f is an injection. 


2. The only bijections are (2) and (10). 

(2) The inverse is f+: R > R where f(x) = x". 
(10) The inverse is ft: R > R where f(x) =x - 1. 

. Consider first fog: NN. For n even, f(¢(”) =f(n/2) = 2(n/2) =n. 
For n odd, f(g(n))=f(1-1)/2)=1-2(1-n)/2)=n. Now consi- 
der gef: ZZ. For n>0, g(f(n)) = gn) = (2n)/2=n and for n<0, 
g(f() = gl — 2n) = (1 - (1 — 2n))/2 =n. So by the definition following 
Theorem 29, g: N > Z is the inverse of f: Z > N. 


Go 


This is a quicker method (than that given in the answer to 
question 7 of Exercise 9) of proving that f: Z — N is a bijection. 


4. a. False. It should be g?¢ f1. 
b. True. See definition. 
c. True. See definition. 
d. True. See Theorem 26. 
e. False. f: Z— Z. defined by f(n) =2n is an injection, but not a 


surjection. 

5. Let f, ge H. Then, f° 9(X) =f(9(X)) =f(X) =X so foge H and H is 
closed. As e,(X) = X, eg € H. Let fe H and let f" be the inverse in B 
of f. Then f1(X) =f(f(X)) =f ° f(X) = e,(X) = X, so fle H. So His a 
subgroup of B. 
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1. Z, x Z, is not isomorphic to Z,. In Z, x Z, every element apart from 
the identity has order 2, while Z, is cyclic with an element of order 4. 

2. Z,x Z, is isomorphic to V. The bijection f: Z, x Z,—> V given by 
f(O, 0) =L f(L, 0) = X, (0, D) = Y and f(1, 1) = H is an isomorphism; 
check by considering each pair such as f((0, 1) + (1, 1)) = f(, 0) = X and 
fO, ) AL, ) = YH= X and showing that you obtain the same result. 

3. If two groups G and H are isomorphic, you can show that an ele- 
ment g € G is a generator of G if, and only if, its image f(g) is a gen- 
erator of H. 


Notice that this actually follows from the result of question 5. 


There are only two generators of Z,, namely 1 and 5. Either of 
these could be mapped onto (1, 1), yielding two isomorphisms. 

4. Injection. fis an injection since if f(x) = f(y), then g-xg = g yg. Therefore, 
g(gtxg)gt = 9(91y9)¢7 which leads to x= y. 

Surjection. Take x € G and consider the element gxg!e G. Then 
fgxg) = 8 (SxS)8 = x. 

Finally, f(xy) = g"xyg = g"xss ys =fafly), so ff GG is an 
isomorphism. 

5. As the order of ¢ is n, 9" = €g, So f(g") =f(eg) = ey. But f(g") = f(g)" =h", 
so h" =e,,. Suppose that h" =e, Then f(g") = f(g)’ =" = ey =f(e,), and 
SO 9" =, because f is an injection. Therefore r =n, because n is the 
order of g. Therefore, 1 is the least positive integer such that h" = e;,. 
So the order of his n. 


A good way of showing that two groups are not isomorphic is 
to show that the numbers of elements of the same order in the 
two groups are different. This is related to Section 11.4 which 
involved the solutions of the equation x" = e in each group. 


ion 


. Define f: R > R* by f(x) =e". This is a bijection since, using Theorem 
29, g: Rt > R such that g(x) =1n x has the property that In (e*) = x for 
allx € R, and e™* =x for all x € R*. And as f(x + y) =e" = ee’ = fxfly), 
f: RR’ is an isomorphism. 

7. Define f: Z > 3Z by f(n) = 3n. 

Injection. If f(m) =f(n), 3m =3n, som =n. Surjection. If m € 3Z, m= 3n 

for some n € Z, and for that n, f(n) = 3n = m. Finally, f(m + n) =3 (m+n) 
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= 3m + 3n =f(m) + fn). Therefore, f: Z — 3Z is an isomorphism, and 
the groups are isomorphic. 


8. Let G be a non-abelian group. Then there exist x,yeG 
such that xy # yx. Let H be an abelian group. Suppose that there 
is an isomorphism f: GH and let f(x)=X and f(y)=Y. Then 
f(xy) =fafty) = XY = YX = ff) = flyx) so that xy and yx, which are 
different, have the same image. But, as fis an isomorphism, it is also 
a bijection and hence an injection, so different elements have differ- 
ent images. So the supposition is false, and no isomorphism exists. 


Define f: Gx H > Hx G by f(g, M) = (h, 9). 
Injection. If f(gy, hy) =f(S2, h2)) then (hy, 81) = (hy 8), and h,=h, and 


so 


81 = 82 
Surjection. If (h, g) is any element of H x G, then f((g, h)) = (f, g). 


Finally, f((gi, M))f(g2, he)) = (I, Sih 82) = (Mika, 8182) and 
A(Si, My)(B2 ha) =f(S182, Mya) = (Iyhy, 8182), 80 fl(@v Miflgx h 
= f(g, 1y)(@>, ha)). Therefore fis an isomorphism, and G x H=HxG. 

10. Define f: Z,,, > Z,, Z,, by Alan) = (lw [al,,)- 

Well defined. If [a],,,,=[Bl,,., then a=b mod(mn), so mn divides 
a—b. Therefore, m divides a—b and n divides a-—b. It follows that 
a=bmod(m) and a=b mod(n), so [a],,, = [b],,, and [a], = [b],,. Therefore, 
(ay, [a],) = (bl, [6], 

Injection. If fll) =f(Oln,) then (a), [4],) = (bli (0],), So (al, = [5], and 
[a],, = [b],,, Thus a = b (mod m) and a = b (mod n). So m divides a — b and 
n divides a — b. Therefore, as m and n are relatively prime, mn divides 
a—b, from Theorem 3. Therefore, a = b mod (mn), and [4] jin = [Din 

Surjection. Z,,, and Z,, x Z, have the same number of elements; 
therefore, by Theorem 26, f is a surjection. 

Finally, 


F [nn + [Bln = 


Therefore fis an isomorphism and Z,,,, = Z,, X Z,,. 


11. In the solution : question 10 it was proved that f: Z,,, > Z,, x Z,, 
defined by fain) = ((@nn [@lnn) iS surjective. This means that, for 
pa fe ( if and [b],, € Z,,, there is an element [X],, € Zin, Such that 


Ww mn 


Fin) = (an, [6],). It follows that ([x],7 [],) = (ali [6],), $0 Edn = [an 
and [x fe i “i and therefore x =a mod(m) and x = b mod(n). 
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12. Let G and G’ be isomorphic groups, and let H be a subgroup of G. Let 
f:G— G be an isomorphism, and let H’ = {f(h): h € H} be the image 
of H in G’. Let x, ye H’. Then, from the definition of H’ there exist 
a,b € H such that f(@)=x and f(b)=y. Then xy =f@f(b) = flab). But 
since H is a subgroup, ab € H, and by the definition of H’, f(ab) € H’. 
Therefore xy € H’. Since e € H, f(e), which is the identity in G’, is a 
member of H’. Finally, suppose that x = f(a) ¢ H’. Then since H is a 
subgroup of G,ate H so fa") € H’. But fi") = (f@)", from Theorem 
34, so (f@))1 = x71 € H’. So H’ is a subgroup of G’. 


Note that the bijectivity of f was not used. 


13. Let f: G > H be an isomorphism. Let g be a generator for the cyclic 
group G, and let f(g) =h. As a preliminary, we need to prove that 
f(g’) = for all re Z. For any positive integer 1, you can prove by 
induction that 


r times 


f(g)= F@OF@)- f=" 


Suppose now that s is a negative integer, so that —s is positive. Then 
fg) =I. Therefore f(g)fig’) =Agilr*. But flg Ale) = fg) = fee) = er 
so f(¢)h* = e,. Therefore f(g’) is the inverse of h-, so it follows that 
fig’) =I. Finally, f(g°) =f.) = ey =h®, so fig’) =f for all re Z. 

Given y € H, there exists x € G such that f(x) = y, since f is surjec- 
tive. As G = @),x =g" for some ne€ Z.So y =f(x) =f(¢") =h". Therefore 
his a generator for H, so H = (fh). 


Note that the injectivity of f was not used. 


14. Let f g¢ A. Then f and g are bijections. By Theorem 33, the 
bijections form a group. It only remains to show that the set 
of isomorphisms is a subgroup of the group of bijections. As 
fa(xy) =f(g(xy)) =Ag@s) =KsOf(gy)) =fe@fe(y), the composite 
fg is an isomorphism. The identity function I is an isomorphism as 
Ixy) = xy = I(x)I(y). Finally, suppose that f(x) =X and f(y) = Y. Then 
FOXY) = egy) =F" (flee) = (FA Gry) = xy = POOFAN), so fis an 
isomorphism. Therefore, by Theorem 20, the set of isomorphisms is 
a subgroup of the group of bijections, and so a group. 


15. flxy) = (xy)> = xy? = fOfly). 
16. If Suppose that s = +1. Then f(a) = +a for alla € Z. Injection. If f(a) = f(b), 
sa = sb, so a=b and f is injective. 


ol 
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Surjection. For aé Z,if s = 1 then f(a) =a, and if s = —1 then f(-a) =a, 
so f is surjective. 

Therefore f is bijective. 

Finally, as in question 15, f(a + b) = s(@+ b) =sa+sb =fla) + fb). Sof 
is an isomorphism. 

Only if. If fis an isomorphism, then f is a bijection, and so f(a) = 1 
for some a. Therefore sa=1. The only solutions are s=1, a=1, or 
s=-1l,a=-1. Therefore s = +1. 

17. If, Surjection. As s and n are relatively prime, by Theorem 1, there 
exist integers a and b such that na + sb = 1. Therefore, sb = 1 (mod n). 
Let re Z. Then rsb =r (mod n), and it follows that f([rb]) = [srb] = [r]. 
Therefore f is surjective. 

Injection. From Theorem 26, f is injective. Therefore f is bijective. 
Finally, using the result of question 15, fis an isomorphism. 

Only if. As fis an isomorphism, it is a bijection and hence a sur- 
jection. Therefore, f([a]) =[1] for some [a] € Z,. Therefore [sa] = [1], 
so n divides 1—as, and 1—as=bn, for some integer b. Therefore 
as + bn =1,s0, by Theorem 1, 1 and s are relatively prime. 


18. An automorphism of (Z,+) is an isomorphism of (Z,+) to 
itself. Suppose that fe Aut(Z) and f(1)=s. Then, since f is an 
isomorphism, 


a times 


f(a) = f+ fA) +--+ fF) = as. 


From question 16, s = +1, so f must be one of the two functions f, and 
fo, where f(a) =a for all ae Z, and f,(a) =-a for alla e Z. But these 
are distinct and each is an automorphism of Z. Therefore, Aut(Z) is a 
group of order 2, and hence Aut(Z, +) = Zp. 


19. First part, to show that U,, is a group under multiplication. To show that 
multiplication is closed on U,, let [s], [f] ¢ U,,.Sincen and sare relatively 
prime, by Theorem 1, there exist integers a and b such that as + bn =1 
and since n and t are relatively prime, there exist integers c and d such 
that ct + dn = 1. Multiplying these, (ac)st + n(asd + btc + bdn) = 1, so, by 
Theorem 1 again, n and st are relatively prime. Therefore [st] € U,,. 
But [sé] = [s][#], and so [s][é] € U,,. 

Associative. The operation is associative: the proof follows the 
same lines as the corresponding part of the proof of Theorem 13. 

Identity. As 1 and n are relatively prime, [1] €U,. The iden- 
tity element is [1], because for any [s] € U,, [s][1] = [s1] =[s] and 
[1][s] = [1s] = [s]. 

Inverse. Finally, suppose that [s] € U,,. Then, since 1 and s are 
relatively prime, there exist integers a and b such that as + bn =1. 
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Therefore [a] is the inverse of [s], because [a][s] = [as] = [1 — bn] = [1] 
and [s][a] = [sa] = [1 — bn] = [1]. So U,, is a group under multiplication. 

Second part. For each integer s which is relatively prime to n, 
let f,: Z, > Z,, be the function given by f,([a]) = [sa], for [a] € Z,. By 
ety 17, f, is an automorphism of Z,. Define ¢: U,, > Aut(Z,,) 
by #([s]) =f, for all [s] € U,,. 

Well defined. If [s] = [#], then n divides : —t, so n divides a(s — ft) for 
all a. Therefore [sa] = [ta] for alla, so f,([a]) = f,([a]) for all [a]. Therefore 


f=f 

Injection. If $([s]) = d(H) then f,=f, so f([1) =f([1]). Therefore, 
[s] = [4]. 

Surjection. Let f € Aut(Z,,). Then f([1]) = [s] for some [s] € Z,. As fis 
an isomorphism 


a times 


F(lal)= fC) + fF) +--+ FA) = 


for all a. Therefore, ne question 17, s and n are relatively prime. 
Therefore f= fe = $({s]), where [s] € U,,. 
Finally, f,([a] ee ]=f, (tal) =f, (lal), for all a. Therefore f,, =f,f, 


and hence ¢([s a }) = dst) =f =f = PU s) P(E). Therefore, ¢ is an 
isomorphism and Aui(Z,,) = U,,. 


n* 


20. 18 = 2 x 3 x 3. From Theorem 38 the following groups are distinct: 
Z, x Z, Xx Z, and Z, x Z,, and any abelian group of order 18 is iso- 
morphic to one of them. Z, x Z, x Z, = Z, x Z, and Z, X Z, = Zj,. 
So there are two abelian groups of order 18, isomorphic to Z, x Z, 
and Zs. 


21. 36=2x2x3x3. From Theorem 38 the following groups are 
distinct: Z,xZ,xZ,xZ, Z,xZ,xZ; Z,xZ,xZ, and Z,x Zo, 
and any abelian group of order 36 is isomorphic to one of them. 
Z, X Zy X Z3XZ3= LZ, X Ly Zy X LZ; X Z3 = Ly X Ly, LZ, X Ly X Ly = Ly X Lig, 
and Z, x Z, = Z3.. So there are four groups of order 36, isomorphic to 
Zo X LZ, Zz X Ly, Zo X Lig, and Zig. 

22. 180 =2x2x3x3.x5. From Theorem 38, the following groups are 
distinct: Z, x Z, x Z, X Z; X Zs,Z,4 X Z, X Z, X Zs,Zy X LZ, X Zy X Zs,and 
Z, XZ, x Z;, and any abelian group of order 180 is isomorphic to one 
of them. Z, x Z, x Z, x Z, X Z; = Z, X Zo, Zy X ZX Z, X Zs = Ly X Leo, 
Z, XZ, X ZyX Z5= ZX Zo, and Z,X ZX Z;5= Zig. So there are 
four groups of order 180 isomorphic to Z, x Z5, Z3 X Zoo, Zy X Zoo, 
and Zigo- 
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Chapter 12 
1. 


3. 8, 4,8 


ab = e 

ba= é 

rb= i 

ac = E 

(ac) = t 
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4. 3,5, and 2. Using Theorem 40, even, odd, odd 


5. Odd, odd 


6. (135)(24), (1342), (14)(25) 
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8. 


© 


10. 


11. 


12. 


Answers 
a. (1473) 
b. (1465732) 
c. (14)(23) 
d. (123456) 
Align the rectangle in the same way as in the answer to question 


4 of Exercises 5. Label the vertices with integer 1 in the top right- 
hand corner, and proceed clockwise with integers 2, 3, and 4. Let f 
be the function from the group of symmetries of the rectangle to S, 
defined by 


7 1 2 3 4 
f= gy o(2) (3) 4a} 


Then, with the notation of the answer to question 4 in Exercises 5, 


fll) = e, flX) = (12)(84), f(Y) = (14)(23), and f(R) = (13)(24). 


e (12)(34) (14)(23) — (13)(24) 

e ( )(24) 
(12)(34) | (12)(34) e (13)(24)  (14)(23) 
(14)(23) | (14)(23) — (13)(24) e (12)(34) 
(13)(24) | (13)(24) (14)(23) — (12)(34) e 


Z,X 5S; has two elements of order 3, namely, (0, (123)) and (0, (132)). 
Moreover, these are the only such elements, for, using the result of 
Exercise 8, question 10, if (x, y) € Z, x S; has order 3, then the order of 
xin Z,is 1 or 3, and hence 1, and the order of y € S;is 1 or 3,and hence 
3. On the other hand, S, has eight elements of order 3, (123), (132), 
(124), (142), (134), (143), (234), and (243). Similarly, Z, x Z, x S; has only 
two elements of order 3, (0, 0, (123)) and (0, 0, (132)). Therefore, using 
the result of Exercise 11, question 5, S, # Z, x S3and S, % Z, x Z, X S3. 
Let x = (@,a,...a,) be of length n. Then x? = (@,43...), x9 = (Gay...) --., 
x" = (a,a,...) are all different, and x" =e. Therefore, n is the smallest 
power of x which gives the identity, so the order of x is n. 


Let a=4,4,4...4, be a permutation made up of disjoint cycles of 
lengths ay, dy, ..., a, and let !] = LCM(a,, a, ..., a,). Then a! = e because 
all the disjoint cycles commute, and the order of each of them 
divides |. Suppose that a’=e. Then, since disjoint cycles commute, 
e=a' =4,'A,_\'...a;'. Suppose that a; #e for some ie {1, 2, ..., nh. 
Then there is a symbol, x say, such that a/(x) # x. But since the cycles 
are disjoint, no other cycle affects x, so a'(x) # x. This contradicts the 
fact that a’ =e. Therefore a; =e for all i=1, 2, ...,n. Therefore, ris a 
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multiple of each of a,, a, ..., a,. Therefore ! <1, and so the order of 
aisl. 


13. From the result at the beginning of Section 12.6, every permutation 
x € S, can be written as a product of transpositions. But any trans- 
position (ab) can be written as a product of the form (ab) = (1a)(1b)(1a). 
Combining these two results shows that every permutation x € S,, 
can be written as a product of the transpositions (12), (13), ..., (1n). 

14. Let a=(12..n—1) and b=(n-1  n). By direct calculation you can 
see that aba = (1n), a?ba* = (2n), and, in general, proof by induction, 
a‘ba~ = (in). You can now use the result of question 13. 


1 


Oo 


. Well defined. The function f is well defined, because, since x, by virtue 
of being a member of A,, is an even permutation and (12) is an odd 
permutation, their product, by Theorem 40, is an odd permutation, 
and therefore a member of S,—A,. The mapping is therefore well 
defined. 

Injection. Suppose that f(x) = f(y). Then (12)x = (12)y. Therefore, multi- 
plying by (12), x =y, so f is an injection. 
Surjection. Let ye S,—A,. Then y is odd and so (12)y is even. As 
fl(12)y) = (12\((12)y) = ((12)(12))y = y, fis a surjection. 

Thus f is a bijection, so A, and S,,—A,, have the same number of 
elements. But A, and S,,— A,, are disjoint, and their union is S,,, which 
has n! elements. So the number of elements in A,, is $.1!. 


Chapter 13 
1. You can carry out a verification using a diagram. 
(ba)? = (ba)(ba) = b(aba) = bb = e. Also 
(ba')? = (ba')(ba') = b(a‘ba’) = b(a'"(aba)a">) = baba) =... = bb =e. 
2. a. a(ba)=aba=b 
b. at=an 
c. From question 1, since (ba)? = e, (ba)* = ba 
d. bab“at = baba)ata = bba? =a"? 
e. (ba)(ba?) = b(aba)a = bba =a. 

.The proof is by induction. Note that the basis step is 
true for i=1 because  ab=ab(aa")=(aba)at = bat =ba. 
Suppose that a'b=ba"" is true for i=k. Then a‘b=ba"* and 
ab = a(a*b) = a(ba"*) = (ab)a"* = (ba )a"* = ba" **)), So, if the state- 
ment is true for k, it is also true for k + 1. Therefore, by the principle 


of mathematical induction, the statement is true for all i> 1, and so 
forie {1,2,3,...,n— 1}. 


ies) 
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4. The answer depends on whether n is even or odd. When 1 is odd, 
there are n subgroups of order 2, all of the form {e, ba'} for i= {0, 1, ..., 
n— 1}. If n is even, then there is also the subgroup {e, a’”}. 


Oo 


. If ba' = bai, then, by the cancellation rule, Theorem 14, part 4, a'=a@ 
and therefore e =a“, so j =i. If ba'=a, then b =a“, so b is a power of 
a. This is a contradiction, so ba' 4a for any i, j. 


6. There are eight elements which have order 3. These are the rotations 
X, Y, Z, T, X2, Y2, Z?, and T?. Note that X° = Y° = Z3 = T° =I. The three 
halfturns, A, B, and C, about the mid-points of opposite edges, are 
of order 2 so A? = B? = C?= I. This gives the 12 rotational symmetries 
LA, B,C, X, Y, Z, T, X, Y°, Z?, and T*. The proper subgroups of G are 
{L, A}, {L, By, {L CL {L A, B, Ch {L X, X74 1 Y, Y7;, {L Z, Z7, and {L, T, T?}. 
Suppose that a subgroup contains I, A, and X. Then it also contains 
X?, AX =Z, XA =T,and hence Z? and T’. There are already more than 
six elements. In fact, it turns out that this subgroup must be the whole 
group. This is true for any other starting set of the type I, A, and X. 

Labeling the vertices 1, 2, 3, and 4 as in Figure 13.7, let fi G— S, 
be defined by 


Then f(l) =e, f(A) = (12)(84), A(B) = (13)(24), f(C) = (14)(23), CX) = (234), 
fo) = (143), f(Z) = (124), f(T) = (132), 0X2) = (243), f0) = (134), 
f(Z’) = (142), and f(T?) = (123). All these permutations are even. As 
there are 12 of them, and the order of A, is 12, they constitute the 
whole of A, and, as in Example 12.3.4, G=A,. 


7. Let B=ANC,E€ {e, a’, a, a@s}), Then you need to show that 
A=Bvu ba"B. 

It is clear that BU ba"B CA since BCA and ba e A. To prove 
that Ac BU ba"B, let xe A. If xe B, then xe BU ba"B, so suppose 
that x ¢ B. Then x ¢ C,,. Then bx € C,,. Therefore a-"bx € C,,, because 
a"e C,. But a"b= (ba) eA. Therefore, abx € A, because x€ A. 
Therefore a-"bx € A OC,,=B. Therefore x = (ba")(a-"bx) € ba™B. 


Chapter 14 


1. The left cosets of {e, a7} are {e, a7}, {a, a°}, {b, ba?}, and {ba, ba°}. The right 
cosets are {e, a}, {a, a*}, {b, ba}, and {ba, ba}. The left cosets of {e, b} are 
{e, bj, (a2, ba?}, {a, ba*}, and {a°, ba}. The right cosets are {e, b}, {a?, ba*}, 
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Go 


{a, ba}, and {a°, ba*}. In the first case, the left cosets and the right cosets 
are identical; in the second case they are not. 


. First observe that the order of Z, x Z, is 6, and the order of Z, x {0 


} 
is 2, so that there are three cosets. The elements of Z, x {0} are (0, 0) 
and (1, 0). The elements of Z, x Z, are (0, 0), (1, 0), (0, 1), (1, 1), (O, 2), 
and (1, 2). 
The cosets of Z, x {0} are 


(0, 0) + Z, x {0} = Z, x {0}, 
(1, 0) + Z, x {0} = Z, x {0}, 
(0, 1) + Z, x {0} = Z, x {1j, 
(1, 1) + Z, x {0} = Z, x {1}, 
(0, 2) + Z, x {O} = Z, x {2}, 
(1, 2) + Z, x {0} = Z, x {2}. 


Here are the calculations for the last coset written out in full. 


(1, 2) + Z, x {0} = (1, 2) + {(, 0), (1, O)} = {(1, 2), (0, 2)} = Z> x {2}. 


. The left cosets of 4Z are 4Z,1+4Z,2+4Z, and 3+ 4Z. 
. Define f: {left cosets} > {right cosets} by f(xH) = (Hx~) for all x € G. 


You need to show that f is well defined. That is, you need to 
show that if xH and yH are the same coset, then they map to 
the same image. That is Hx! = Hyt. 


Well defined. If xH =yH, then, by Theorem 45, part 1, x“y e H. 
But you could prove a similar theorem for right cosets, that is, a 
necessary and sufficient condition for the right cosets Hx and Hy 
to be equal is xy ¢€ H. Therefore, using this theorem, a necessary 
and sufficient condition for the cosets Hx! and Hy to be equal is 
(x\(y7)" e H. But (x")(y7) “Ss xy, so the conditions are identi- 
cal. Thus, if xH = yH, then Hx = Hy. So f is well defined. 

Injection. If f(<H) = f(yH) then Hx" = Hy+. Therefore (x"')(y"')! € H 
as above, so x'y € H. But then, by Theorem 45 part 1, it follows 
that xH = yH. Therefore fis an injection. 

Surjection. Let Hx bea right coset of H. Then f(x'H) = H(x™')' = Hx, 
so f is surjective. Therefore f is a bijection. 


5. The cosets are of the form x + Z, where 0 <x <1. 
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6. The elements (x, y) of the coset containing the fixed point (i,k) « RXR 
have the form (x, y) = (h, k) + (Aa, Ab) where / € R. This can be written 
as (x, y) = (h, k) + AG, b), which is the parametric form of the straight 
line through (i, k) in the direction (a, b). 

7. Suppose that x « yH. Then x = yh for someh € H,andsoy'x=he H. 
Now apply the “if” part of Theorem 45, part 1, where the roles of x 
and y are reversed. So yH = xH, and the result is proved. 


8. 2, 6, 7, and 11 are generators. 

9. a. True. See definition of coset. 
b. False. See Example 14.6.2. 
c. False. See Example 14.6.2. 
d. True. Theorem 46. 


10. Let the orders of H and K be h and k, respectively. Since HM K is a 
subgroup of H and a subgroup of K, the order of HM K divides h and 
k, by Theorem 47. But h and k are relatively prime, so the order of 
Hc K divides 1. Therefore H \ K = {e}. 

11. Since Hn K is a subgroup of H and a subgroup of K, the order of 
Ho K divides 56 and 63, by Theorem 47. Therefore, the order of 
Ho Kis 1 or Z In the first case, H 1 K = {e} and is cyclic. In the sec- 
ond case, as 7 is prime, by Theorem 49, H 1 K is cyclic. 


Chapter 15 


1. Since 11 is prime, the only group of order 11 is Cy. 


2. The orders of the elements must divide 9, the order of the group, so, 

apart from the identity element, these orders must be 3 or 9. 

First suppose that there is an element of order 9. Then G = C,. 

Now suppose that all the nonidentity elements of G have order 3. 
Call one of these elements a, so that {e, a, a7} € G. Suppose that b is an 
element of G not equal to e, a, or a?. We now claim that the elements 
e, a, a’, b, ba, ba?, b?, ba, and b’a? are all different. For suppose that 
bid = Dka' where i, j, k, le {0, 1, 2}. Then a7 = bi or a? = bi where p, g 
€ {0, 1, 2}, and p=!-j (mod 3) and q =i-k (mod 3). But b#e, b#a, 
and b 4a? and consequently (using the fact that b*= b), b? #e, b* #4, 
and b? 4a’. Therefore i=k, and hence also !=j. Therefore the nine 
elements e, a, a2, b, ba, ba?, b2, b2a, ba? are all different. 

Now consider the element ab. It must be one of these nine ele- 
ments, and can only be equal to ba, ba’, ba, or b?a?. 


Case 1. ab = ba. The group G is abelian and G=C, x C,. 
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Case 2. ab=ba*=ba"'. Then (ab)*= (ab)(ab) = (ba")ab)=b? and 
(ab)° = (ab)(ab)* = (ab)b? = ab? =a, contradicting the fact that the 
order of ab is 3. 

Case 3. ab=b?a=b"a. Then (ab)* = (ab)(ab) = (ab)(b"a) =a? and 
(ab)> = (ab)?(ab) = a?(ab) = a°b = b, contradicting the fact that the 
order of ab is 3. 

Case 4. ab = b?a? = ba. Then (ab)? = (ab)(ab) = (ab)(ba“) = e, showing 
that ab has order 2, contradicting the fact that the order of ab is 3. 


Therefore the only groups of order 9 are C, and C; x C3. 


ies) 


. The orders of the elements must divide the order of the group, 10, so, 

apart from the identity element, these orders must be 2, 5, or 10. 

First suppose that there is an element of order 10. Then G = Cyp. 

Now suppose that G has no element of order 10. Then there must 
be an element of order 5, for, if there were not, all the nonidentity ele- 
ments would be of order 2, and, by Theorem 37, the order of G would 
be a power of 2. So let a be an element of order 5. 

If b € {e, a, a’, a3, a*}, then e, a, a”, a°, a4, b, ba, ba?, ba, bat are all dis- 
tinct elements of G. But b? # ba, ba?, ba? or ba* because b is not a power 
of a. Nor can b? be a, a, a, or a* because that would imply that b is of 
order 10. This leaves only b? = e. 

The strategy now is to look at the possible outcomes of the prod- 
uct ab. Clearly, ab #e, a, a’, a°, a* or b. Also ab # ba, as if ab=ba then 
G is abelian and, by Theorem 19, part 1, ab is an element of order 
10. So there are now three subcases to consider: ab = ba?, ab = ba’, and 
ab = ba’. 

Case 1. ab=ba?. Then (ab)? = (ab)(ab) = (ab)(ba?) = a°, (ab)? = (ab)(ab) 

baa? = b, (ab)* = (ab)(ab)? = a® = a, and. (ab)° = (ab)*(ab)* = ba. This 
contradicts the fact that the order of ab is 2 or 5. 

Case 2. ab = ba®. Then (ab)? = (ab)(ab) = (ab)(ba?) = a4, (ab)> = (ab? (ab) = aX(ab) = b, 
(ab)* = (aby (ab) = a’ = a8, and (ab) = (ab)3(aby = ba’. This contradicts the 
fact that the order of ab is 2 or 5. 

Case 3. ab = ba*. Then a° = b? =e and aba = b, so G= Ds. 


Therefore, the only groups of order 10 are Cy) and Ds. 


| 
Chapter 16 


la. (,b) ~@, Db) since ab — ab =0, so ~ is reflexive. If (a, b) ~ (c, d) then 
ad — bc =0; so bec —ad =0, and (c, d) ~ (a, b). Therefore ~ is sym- 
metric. Finally, if @, b) ~ (c, d) and (c, d) ~ @, f), then ad — bc = 0; 
and cf—de=0, so adf—bde=d(af—be)=0. Suppose that d+#0. 
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Then af—be=0. Now suppose that d=0. Then either b =0 or 
c=0, and either f=0 or c=0. But c #0, since (0, 0) is not in the 
original set. Therefore b= 0 and f=0, and once again af — be = 0. 
Therefore, in both cases af — be = 0, so (@, b) ~ €, f), and ~ is tran- 
sitive. Therefore ~ is an equivalence relation. If (x, y) lies in 
the same equivalence class as (a, b) then ay — bx = 0. Therefore, 
the line joining the origin to (x, y) is the same line as that join- 
ing the origin to (@, b). Therefore, the equivalence classes are the 
lines through the origin, but none of the lines includes the origin. 


b. This is similar to part a. The equivalence classes are the elements 
of Q. 

c. Note that x~y if, and only if, x=y (mod 2). x~¥x since 
x =x (mod 2), so ~ is reflexive. If x ~ y then x =y (mod 2), 
because y = x (mod 2), so y ~ x and ~ is symmetric. Finally, if 
x~yand y ~ z, then x = y (mod 2) and y = z (mod 2). Therefore 
x =z (mod 2), so ~ is transitive. The equivalence classes are the 
set of even integers and the set of odd integers. 

d. Note that x~y if, and only if, 2x+y=0 (mod 3), and that 
2x + y = 0 (mod 3) if, and only if, x = y (mod 3). Proving that ~ is 
an equivalence relation is then similar to part c, with 2 replaced 
by 3 throughout. The equivalence classes are the integers mod- 
ulo 3. 

e. |x| = |x| so ~ is reflexive. Ifx ~ ythen |x| = |y|,so |y| = |x|,and 
y ~ x, so ~ is symmetric. Finally, if x ~ y and y ~ z, then |x| = |y| 
and |y| = |z|,so |x| = |z|,x ~ z, and ~ is transitive. The equiva- 
lence classes are the sets {+n: ne Z}. 


2. a. Not an equivalence relation, since 1 ~ 0 but 0~1 as —lis nota 
perfect square. 


b. Not an equivalence relation, since 0 ~ 0,as0x0 #0. 


c. This is an equivalence relation, as, trivially, all the conditions are 
satisfied. There is just one equivalence class, that of N itself. 


Not an equivalence relation, since 1 ~ 0 and 0 ~ -1, but 1 ~ -1. 
Not an equivalence relation, since 0 ~ 5 and 4 ~1, but 0 «1. 
Not an equivalence relation, since 1 ~ 2 and 2 ~ 3, but1~3. 


@ wm Oo 


This is an equivalence relation provided you agree that a straight 
line is parallel to itself, so that | ~ /, and ~ is reflexive. If | ~ m, 
then / is parallel to m, so m is parallel to 1, and m ~ I, and ~ is sym- 
metric. If] ~ mand m ~ n, then] is parallel to m, and m is parallel 
ton, so lis parallel to n. So ~ is transitive and ~ is an equivalence 
relation. The equivalence classes are sets of parallel lines in the 
plane. 
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h. Not an equivalence relation, since (1, 1) ~ (1, 1). 

i. This is an equivalence relation if you agree that a triangle is simi- 
lar to itself, so that A ~ A, and ~ is reflexive. If A ~ B, then A is 
similar to B, so B is similar to A, and B ~ A, and ~ is symmetric. 
If A ~ Band B ~ C, then A is similar to B, and B is similar to C,so A 
is similar to C. So ~ is transitive and therefore ~ is an equivalence 
relation. The equivalence classes are sets of similar triangles. 

j. This is an equivalence relation. The solution is identical to that of 
part i, with the word “congruent” replacing similar. 


k. Notan equivalence relation, since ! is not perpendicular to itself. 
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Chapter 17 


1. 


2. 


Go 


ol 


a. AB = {ae, aba, be, bba} = {a, b}. 
Notice that there are only two elements as a and D are repeated. 


b. AB= {e, a, a2, ba?, b, ba}. 
c. AB= {a, a’, e, b, ba, ba}. 
d. AB = {b, ba, ba?}. 


HA = {a, ba, a°, ba°}, HB = {ba, ba>\, AB = {b, ba?, a2, e}, AH = {a, a, ba, ba}, 
BH = {ba, ba}, BA = {ba?, a2, b, e}. 


. aH = {a, a, e}, Hb= {b, ba2, ba}. 
. The group Z,xZ, has 24 elements, and the group generated 


by (2, 2), that is, (2, 2)) = {(2, 2), (4, 0), (0, 2), (2, 0), (4, 2), (0, 0)}, has 
6 elements. So ((2, 2)) has four cosets, so the quotient group 
(Z, x Z,)/(2, 2)) has four elements. You can write these elements as 
(2, 2)), (1, 0) + (2, 2)), (0, 1) + (2, 2)), and (1, 1) + (2, 2)). Since the order 
of each of these elements, other than the identity element ((2, 2)), is 2, 
(Ze x Zy)K(2, 2)) = Zy x Zp. 


. The group Z, x Z, has 24 elements, and the subgroup generated by 


(3, 2)), that is, (3, 2)) = {@, 2), (O, 0)}, has 2 elements. Therefore ((, 2)) 
has 12 cosets, and the quotient group (Z, x Z,)/{(3, 2)) has 12 elements. 
You can write these elements as ((3, 2)), (1, 0) + (8, 2)), (2, 0) + (3, 2)), 
(3, 0) + (3, 2)), 4, 0) + (3, 2)), (5, 0) + (3, 2)), 0, 1) + (B, 2), (L 1) + GB, 2), 
(2, 1) + (8, 2), G, 1) + ©, 2)), (4, 1) + (3, 2)), and (5, 1) + (G, 2)). The ele- 
ment (1, 1) + ((3, 2)), for example, has order 12. So the group is in effect 
the group Z,5, so (Z¢ x Z4)/((, 2)) = Zio. 
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6. Take the element ae D, and be H. Then aba =a’ba = ba’, and as 
ba? € {e, b}, {e, b} is not a normal subgroup. 

7a. True 
b. False. See Theorem 47, Lagrange’s Theorem. 

8. For any g € Q,,g¢'e¢g = 91g =e € H. Now consider gla’g where g = bia, 
for i=0, 1 and j =0, 1, 2, 3. We need to prove that this belongs to H. 
As ?=0?, gla’g = 9'b’g. But gtb’g = (bia) 1b*(bia) = abt’ bid = aba 
=aia?d = a*. Therefore gla’ = a?. But a? € H, so gta’g € H. 

Since every element of Q,/H is its own inverse (because the square 
of every element of Q, is equal to either e or a”, and therefore belongs 
to H), and the group is of order 4, Q,/H = Z, X Zp. 


9. If, Suppose that every right coset of H in G is also a left coset of H in 
G. Thus, if g € G, then, as Hg is a right coset, it must be a left coset. 
But which left coset? Since e € H, eg € Hg so ge Hg. But g belongs 
to the left coset gH. Therefore, the left coset must be gH, so gH = Hg. 
Therefore, for any h € H, hg =gh, for some h, € H. So gthg=h, € H. 
So, by Theorem 58, H is a normal subgroup. 

Only if. Suppose that H is a normal subgroup of G and let Hx be a 
right coset of H in G for a given element x € G. 
First part, showing that Hx c xH. Let y e Hx. Then y=hx for some 
he H. Consider xy. Since y=hx, xy =x hx, and, as H is normal, 
xthx € x1Hx = H. Therefore xy € H, so xy =h, for some h, € H, so 
y =xh,. Thus y € xH, so Hx c xH. 
Second part, showing that xH c Hx. Let y € xH. Then y = xh for some 
he H. Consider yx. As y = xh, yxt = xhx1 = gthg where g = x. But, 
since H is normal, gthg € H,so yx' € H. Therefore yx! = h, for some 
h, € H,soy=h,x. Thus y € Hx, so Hx C xH. 

Therefore Hx CxH and xH C Hx, so Hx=xH. Therefore every 
right coset of H in G is also a left coset of Hin G. 


Chapter 18 


1. Let A be asubgroup of G, and let the image of A under fbe B. Suppose 
that x, y € B. Then, since B is the image of A, there exist a,b € A such 
that f(a) =x and f(b) =y. Then xy = flaf(b), and since f is a homomor- 
phism, f(@f(b) = flab). Hence xy = f(ab) and is therefore in the image of 
A under f, that is, B. 

By Theorem 60 f(e,) = e,,. But, by Theorem 20, e, € A, so the image 
of the identity, e,,¢ B. Suppose that x € B. Let x be the image of 
aé Aso that f(@) =x. Then, as A is a subgroup of G, ate A. Then 
Cn = feo) = faa) = fa )f@ = f(a )x, so e, = f(@)x. Similarly, e,, = xf"). 


Therefore f(a) is the inverse of x, and since a1 € A, f(a") € B. 
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Therefore, by Theorem 20, B is a subgroup of H. 


2. Let g be a generator of G, and let f(g) =h. You will find a proof that 
f(g’) =" for allr € Z in the answer to question 13 in Chapter 11. (The 
argument there did not use the fact that the homomorphism f was 
injective.) 
Given y € H, there exists x € G such that f(x) = y, since f is surjec- 
tive. As G = @), x =9" for some n € Z. So y = f(x) = f(g") =h". Therefore 
h is a generator for H, so H is cyclic. 


3. As f(m)f(n) = aa" = a" = fm + n), fis al homomorphism. 


4.a. As fif(y)= |x| ly| = |xy| =f(xy), f is a homomorphism. The 
kernel consists of x such that |x| =1, that is, {1, -l}. 


b. Not a homomorphism, since /(3.7)+f/@G.7)=3+3=6, and 
fB.7 +3.7) =f(74) = 

c. Not a homomorphism, since f(l)+fAJ)=(1+1+(1+ 1) =4 and 
fd +1) =f(2)=24+1=3. 

d. A homomorphism, since f(x)f(y) = (1/x)(1/y) = (1/xy) =fixy). The 
kernel consists of x such that f(x) = 1/x = 1, that is, {1}. 


5. Let x, ye G. Then (gf)(xy) = (fry) = sfoofy) = Fay) 
= (gf/)(x)(gf)(y), so (gf) is a homomorphism. 
6. If Suppose that ker f= {eg} 


If f(x) = fly) then, by Theorem 62, x and y belong to the same coset 
of ker f in G. But the coset containing x is xker f= x{e,} = {x}. Thus 
y € {x} and so y =x. Therefore f is an injection. 

Only if. Suppose that f is an injection. By Theorem 60, f(@c) =e, so 
€c € kerf As fis an injection, no other element maps to e,,. Therefore 
ker f= 


Chapter 19 


1. Define f: S,, > ({1, ay f(x) = C1)®®. This function is surjective, as 
f((12)) =-1, so ay ,—l. 
Homomor phism: nae Theorem 40, f(xy) = (-1)NeY) =CI)NON® 
= (A)NO(A)NY = f(x) fly), so f is a homomorphism. 
Then, since f is a homomorphism and A,, is its kernel, A,, is a nor- 
mal subgroup of S,,, and S,/A,, = ({1, -1}, ). 
2. Define f: (C*, x) > (R*, x) by f(z) = |z|. This function is surjective, 
because, if x € R*, f(x + 01) =x, soim f=R*. 
Homomorphism: f(Z,Z) = |2122| = |Zi||Z2| =fl@)f(Z,). ker f= T, 
where T= {ze C*: |z| =1}, the unit circle subgroup of C*. Thus, 
(C*, x)/T = (R*, x). 
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3. The image of fis R, for if k € R, then f(ka/a.a) = (ka/a.a).a = ka.a/a.a=k. 
Homomorphism: f(x + y) =a.(x+ y)=a.x+ay=f(x) +fly). The ker- 
nel is the plane in R° through the origin perpendicular to a; call this 
plane [],. The First Isomorphism Theorem gives that R°/TI, = R. 
4. Define f: G > Z, x Z, by f(a + bi) = ([a],, [b],). The image of fis Z, x Z,, 
since, for any ([4],, [b],) € Z. x Z, fla + bi) = ([a]2, [b],). 
Homomorphism: 


f ((a+c)+(b+d)i) ee >, [b+d] i 
([a]2 + 2 +[dh) 
(Ik, ae a 2 [dl2) 


f(a+bi)+ f(c+di). 


ker f = {a + bi: ([a]z, [b],) = ([0],, [0],)}, that is, a + bi € ker fif, and only if, 
a,b € 2Z. So His the kernel of the homomorphism f. 
Therefore, by the First Isomorphism Theorem, G/H = Z, x Z). 
5. Define f: Z,, > Z, by f([a],,) = [al,- 
Well defined. If [a],,, = [0],,., then pq divides a — b. Therefore p divides 
a—b, so [a], = [b], Therefore fis well defined. 
The image of fis Z,, because given [a], € Z,, f([a],,) = lal, 
Homomorphism: 


[a], + 
= ee A ly). 


The kernel is the set of elements [a],,, such that [a], = f([a],,.) i 
that is the set of elements [a], € Z,, Sieh that a is ee = I 


Hence ker f= {[O] ya [Pp 2P lpg «++» LQ — Dp lpg, SO ker f= (pZ),, 
Therefore, Z,,/(PZ) ), = Zp. 
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